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Abstract—In this paper, we study the effects of joint transmit
and receive antennas’ selection on full-duplex (FD) multiple-input-
multiple-output (MIMO) networks’ performance. The antennas’
selection problem is, in general, a combinatorial problem whose
complexity grows exponentially with the number of antennas. To
fully understand the effects of antennas’ selection, we study the sum
rate maximization problem in a single-cell network with an FD-
MIMO base-station (BS). First, we consider a system with a normal-
scale MIMO full-duplex BS, i.e., a normal-scale FD MIMO system.
The sum rate maximization problem is studied for two different
scenarios; in the first scenario, we consider jointly optimizing the
transmit and receive antennas’ selection with the precoder and
the receiver weights. A Generalized Bender’s Decomposition based
algorithm is proposed to solve the mixed-integer nonlinear sum
rate maximization problem. In the second scenario, we consider
self-interference cancellation via zero-forcing (ZF) transmission. A
heuristic algorithm is proposed to solve the sum rate maximization
problem by optimizing the selection of the transmit antennas, receive
antennas, and the receive antennas at which self-interference is
nulled. Second, in a very-large scale, i.e., massive MIMO system,
we derive lower bounds for the uplink and downlink rates with ZF
receiver and precoder, respectively. The sum rate is maximized by
jointly optimizing the transmit to receive antennas ratio and the
ratio of the receive antennas at which self-interference is nulled.
Finally, via numerical analysis, we evaluate the performance of the
formulated sum rate maximization problems.

Keywords. Antenna Selection, Asymptotic Behavior, Full-Duplex, Gen-
eralized Bender’s Decomposition, Massive MIMO, Resource Allocation,
Transmit Beamforming.

I. INTRODUCTION

Full-Duplex (FD) communication and massive multiple-input-
multiple-output (MIMO) are envisioned as eminent candidate
technologies capable of supplying the ever-growing demand in
communication links capacity required in the modern cellular
networks. Theoretically speaking, enabling FD communication
can double the data rate achieved by half-duplex (HD) communi-
cation. In general, self-interference (SI), which is the interference
from the FD node transmission on its reception, is considered to
be the main obstacle for the FD feasibility until the evolution of
SI cancellation techniques [1]–[3]. Additionally, massive MIMO
[4]–[6] has proven its ability to increase the spectral efficiency
and communication reliability compared to normal-scale MIMO

systems, as tremendously increasing the number of antennas helps
in expanding the network’s capacity. Additionally, with a massive
number of antennas, the simplest form of user detection and/or
beamforming, such as matched filter (MF) or zero-forcing (ZF),
becomes optimal.

However, utilizing FD in MIMO communication networks
poses some new challenges [7]–[9]. The first challenge is how to
optimize the transmit and receive antenna selections. For a given
MIMO base station (BS) operating in half-duplex (HD), all the
antennas will be either transmitting or receiving, in the downlink
(DL) or the uplink (UL) mode, respectively. However, for a
given MIMO-BS operating in FD, we need to choose the number
and the indices of transmit antennas and receive antennas. The
decision is highly dependent on the channel conditions between
the BS antennas and the network users, and this choice can highly
affect system performance. Hence, to optimize the network’s
performance, we need to optimize the transmit and receive
antennas’ selection. Furthermore, to make FD-MIMO feasible,
we need to reduce the SI. However, as the number of antennas
increases, the complexity of the analog SI cancellation circuit
grows. Accordingly, to prevent radio frequency (RF) saturation of
the receiver, SI cancellation via transmit beamforming is needed.
As a result, the second challenge is to make the FD-DL precoder’s
design meet two objectives; the first objective, similar to the DL-
HD precoder, is to reduce the effect of the multi-user interference
(MUI), and the second objective is to reduce the SI level.

A. Contributions

In this paper, and based on the previously mentioned chal-
lenges, we study different scenarios for antenna selection and
transmitter-receiver joint optimization to maximize the achievable
sum rate in a single cell network with an FD-MIMO base station
and multiple users. Our contributions are summarized as follows

1) In a normal-scale FD MIMO setting, we propose a sum
rate maximization problem by jointly optimizing the transmit
antennas’ selection, the receive antennas’ selection, the trans-
mit precoder weights, and the receiver weights. As a result
of the combinatorial nature of the antennas’ selection, the
proposed optimization problem is a mixed-integer non-linear
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programming (MINLP) problem, which we solve using the
Generalized Bender’s Decomposition (GBD) algorithm.

2) In a normal-scale FD MIMO setting, to investigate the
effect of considering SI cancellation, we assume the BS
has a transmit ZF precoder and a ZF receiver. In this
case, the ZF precoder will help in reducing the SI power
on the UL reception. Accordingly, we propose a sum rate
maximization problem by jointly optimizing the transmit
antennas’ selection, the receive antennas’ selection, and the
SI cancellation. To better optimize the SI cancellation, we
need to optimally select the number of receive antennas at
which the ZF precoder will cancel the SI. The main idea of
SI cancellation via ZF transmit beamforming is to design the
DL precoder nulling the SI at the BS receive antennas. How-
ever, increasing the number of required interference-nulls
decreases the degrees-of-freedom in the DL transmission,
and hence, the DL transmission gain, posing a trade-off in the
selection of the number of receive antennas at which the ZF
precoder will cancel the SI. In this scenario, and to avoid the
growing complexity of solving the combinatorial antennas’
selection problem, we propose a heuristic, low complexity
antennas’ selection algorithm.

3) In a massive FD MIMO system, similar to the normal-scale
FD-MIMO setting, we consider SI cancellation via ZF. In
this case, the ZF precoder will help in reducing the SI
power affecting the UL reception. Then, to understand the
network’s asymptotic behavior, we derive lower bounds for
the UL and DL rates. From these bounds, we investigate the
trade-off between the DL rate and increasing the number of
receive antennas at which the ZF precoder nulls SI. However,
under the assumption that the number of transmitting and
receiving antennas tend to infinity, all antennas are asymp-
totically equivalent. Accordingly, it will not be necessary
to optimize the indices of the transmitting and receiving
antennas, and it will be sufficient to optimize their ratio
to the total number of antennas. Finally, we formulate a
rate region maximization problem optimizing the transmit
to receive antennas ratio and the proportion of the receive
antennas at which the ZF precoder nulls SI.

The rest of the paper is organized as follows. In Section II, an
overview of some prior work done on resource allocation in FD-
MIMO networks is presented. In Section III, the system model is
illustrated. In Section IV, the sum rate maximization problem
in FD massive MIMO networks is formulated. In Section V,
the asymptotic rate behavior is investigated and the rate-region
maximization problem is formulated under a massive MIMO
setting. Numerical results are presented in Section VI. Finally,
the paper is concluded in Section VII.

Notation: Vectors are written in boldface lowercase letters,
while matrices are denoted by boldface uppercase letters. The
statistical expectation of a random entity z is shown by E(z). The
complex number field is denoted by C. A list of key mathematical
symbols is summarized in Table 1.

II. PRIOR WORK

With the evolution of SI cancellation techniques, the devel-
opment of resource allocation schemes for different FD systems

TABLE I: List of Symbols

Symbol Definition
N Number of BS antennas
Nt Number of transmit antennas
Nr Number of receive antennas

Na
Number of receive antennas at which
the SI is canceled by transmit-beamforming

K Number of macro-users
Kd Number of DL macro-users
Ku Number of UL macro-users
Pd DL Transmission Power
Pu UL Transmission Power
Hd DL channel matrix
hk,i Channel between the kth DL and ith UL users

Ha

Proportion of the channel between
the BS transmit and receive antennas
at which the SI will be cancelled

Hr

Proportion of the channel between
the BS transmit and receive antennas
at which the SI will not be cancelled

Hsi SI channel matrix
Ht Aggregate DL channel matrix
Wd DL precoding matrix
FZF DL-ZF precoding matrix
WZF Normalized DL-ZF precoding matrix
wk kth DL user’s precoding vector
Uu UL receiver matrix
xk kth DL user transmitted signal
G UL channel matrix
Uu UL receive matrix
UZF ZF-UL receive matrix
ul lth UL user’s receive vector
CBS SI cancellation coefficient
yd,k kth DL user received signal
yu,l lth UL user received signal
Γdl kth macro DL user received SINR
Γul lth macro UL user received SINR
ΓZFdl kth macro DL user received SINR with ZF
ΓZFul lth macro UL user received SINR with ZF
Rd DL-rate lower bound
Ru UL-rate lower bound
Rs sum rate per unit time and bandwidth
RZF sum rate per unit time and bandwidth with ZF
at|n nth antenna transmission coefficient
asic|n nth antenna SI cancellation coefficient
σ2 AWGN noise variance

α
Proportion of receive antennas
on which SI is cancelled

β Ratio between Tx and Rx antennas

has attracted some recent research work [10], [11]. Additionally,
authors have shown in [12] that FD can outperform HD in both
interference-unaware and interference-aware scenarios. Accord-
ingly, to fully utilize the available FD resources while considering
the new challenges arising from deploying FD, efficient and
novel resource allocation schemes are strongly needed [13]–[15].
Moreover, studying the potentials of massive MIMO networks
and the potential benefits from increasing the number of active
antennas are the main interests of recent research work [16]–[19].

As mentioned earlier in Section I, utilizing FD communication
in MIMO networks poses the problem of selecting the best
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combination of transmit antennas and receive antennas at the BS.
In [20], a joint sum rate maximization problem that aims at opti-
mizing the half-array antenna mode selection at the base station,
with time phases and user assignments, is proposed. Additionally,
the authors considered a general max-min rate optimization to
maximize the minimum per-user rate while satisfying a given
ratio between UL and DL rates. In [21], the authors derived exact
closed-form expressions of the outage probability and the symbol
error probability for the FD-Spatial Multiplexing (SM)-MIMO
system with transmit antenna selection (TAS). Furthermore, via
numerical analysis, the authors evaluated the performance of the
FD-SM-MIMO system, with and without TAS. In [22], an antenna
selection based interference cancellation for an FD-MIMO system
is proposed, in which interference cancellation is realized by
antenna selection and Eigen beamforming. In [23], the authors
examined the outage probability of max-max antenna selection
in the FD amplify-and-forward relaying, in which the source, the
relay, and the destination are equipped with multiple antennas. In
[24], the antenna selection for a two-node FD-MIMO network is
studied. It is assumed that each node is equipped with a predefined
number of antennas and transmit/receive chains. The proposed
selection algorithms are based on magnitude, orthogonality, and
determinant criteria. In [25], the authors investigated multiple
antenna-selection schemes in bidirectional FD MIMO Systems.
After studying the optimal antenna-selection scheme, the authors
proposed less complex, near-optimal scheme which utilizes a
greedy search method. It was shown that the proposed algorithm
has a 15% performance gain over random antenna selection. In
[26], two antenna selection schemes, based on maximum sum
rate and minimum symbol-error-rate, are proposed. It was shown,
via numerical analysis, that these schemes can achieve significant
performance gains. However, these selections gains are contingent
on the reduction of the SI.

Additionally, SI cancellation in FD-MIMO has attracted more
recent research work. In [27], a beam-based adaptive filter
structure, with analog least mean square (ALMS) loops, is
proposed to reduce the complexity of SI cancellation for FD-
MIMO systems. Moreover, results showed that the proposed
structure outperforms the ALMS loop employed for an FD single
input single output system. In [28], the authors proposed an
SI suppression method that adopts null steering with Eigen-
beamforming (EB). The proposed SI suppression method relies on
manipulating the propagation channel by careful arrangement of
the MIMO antennas, which degenerates the rank of the SI channel
matrix at the relay station such that the number of eigenmodes is
nearly one. In [29], the authors proposed an antenna selection
algorithm to reduce the Rician distributed SI. The presented
criterion can minimize the effects of residual SI by maximizing
the desired signal power to the residual SI and the noise ratio. In
[30], two estimation algorithms for a two-stage SI cancellation
scheme are presented. In the first stage, at RF SI cancellation,
a compressed sensing-based SI channel estimation algorithm is
derived. In the second stage, to jointly estimate the residual SI
channel, the intended channel and the transmitter nonlinearities,
a subspace-based algorithm is proposed; it was shown that the
proposed algorithm achieves better performance than the least-
square algorithm.

Furthermore, SI cancellation, in FD massive MIMO networks,
is considered in [31]. Digital SI cancellation in a single RF chain
FD-massive MIMO orthogonal frequency division multiplexing
(OFDM) system with phase noise is studied. A weighted linear
SI channel estimator is derived to minimize the residual SI
power in each OFDM symbol. In [32], the authors studied two
methods of partial analog SI cancellation. In the first method,
the analog cancelers are assigned to a fixed set of antennas.
On the other hand, in the second method, the analog cancelers
can be dynamically assigned to any receive antennas based on
channel conditions. In [33], assuming that instantaneous channel
state information (CSI) of the SI channel is not available, the
authors proposed an energy efficiency optimization based self-
interference cancellation (SIC) scheme (EE-SIC). The proposed
technique can effectively eliminate SI and improve system energy
efficiency. In [34], it was shown, in FD massive MIMO networks,
that the SI-subtraction outperforms the spatial suppression for SI
cancellation in a perfect channel state information case. On the
other hand, for imperfect channel estimation, spatial suppression
will achieve better UL and total ergodic rates. In [35], the authors
proposed an opportunistic user and antenna selection algorithm
for FD multi-antenna BS and HD mobile terminal with two active
antennas. The algorithm selects UL users’ antennas according
to their vector channel gain and DL users’ antennas based on
their signal-to-interference-plus-noise ratio (SINR). In [36], the
authors studied a FD-massive MIMO network with a Rician SI-
channel. Additonally, the authors utilized a linear ZF precoder
with SI-cancellation, and an SI-aware fractional power control
mechanism at the UL-FD mobile terminals. It was shown that
exploiting massive MIMO can help in overcoming the UL rate
bottleneck.

III. SYSTEM MODEL

We consider a wireless network with a single N -antenna FD
MIMO BS. Under the assumption of FD transmission, the BS is
equipped with an FD radio to help suppress the SI. Additionally,
the BS antennas are divided into Nt transmit antennas and Nr
receive antennas. There are K HD single-antenna users in the
network that are divided into Kd users receiving in the DL mode
and Ku users transmitting in the UL mode. In this paper, we study
two different scenarios. In the first scenario, we assume a general
precoder and a general receiver that will be later optimized to
maximize the sum rate. In the second scenario, we study the
changes in the network after implementing a ZF precoder and a
ZF receiver at the BS. Next, we will distinguish between these
two scenarios in terms of the received UL signals, the received
DL signals, and the receivers’ SINRs.

A. Full Duplex MIMO Network
In this case, we assume that the BS has a DL precoder,

with precoding matrix Wd ∈ CNt×Kd , and a UL receiver with
a receiving matrix Uu ∈ CKu×Nr . Additionally, it should be
guaranteed that Nt ≥ Kd and Nr ≥ Ku

1. The system model is

1In the proposed model, it is assumed that Kd and Ku denote the number of
the active DL and UL users, respectively, which will be served on the same time-
frequency resource block. In other words, the network may have larger numbers of
DL and UL users, however, user selection is out of the paper’s scope. Accordingly,
these conditions are required for both precoding in the DL transmission and the
receiver filter in the UL transmission [37], [38].
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(a) Full duplex MIMO network (b) Full duplex MIMO network with ZF

Fig. 1: System model

shown in Fig. 1a. Based on the above assumptions, the received
signal at the kth DL user is given by

yd,k =
√
Pdhkwkxk︸ ︷︷ ︸

Desired Signal

+

Kd∑
j=1
j 6=k

√
Pdhkwjxj

︸ ︷︷ ︸
MUI

+

Ku∑
i=1

√
Puhk,isi︸ ︷︷ ︸

CCI

+ndk,

(1)

where Pd is the DL transmission power, hk ∈ C1×Nt is the
DL channel vector between the BS transmit antennas and kth

HD-DL user. Without loss of generality, all channel coefficients
are assumed to be independent and identically distributed (i.i.d.),
zero-mean complex Gaussian random variables with unit vari-
ance, i.e., we assume a Rayleigh flat fading channel model [39]–
[41]. In addition, it is assumed that the channel state information
(CSI) is perfectly available at both the BS and users [7] 2. The
vector wk ∈ CNt×1 is the kth column of the precoding matrix
Wd ∈ CNt×Kd and denotes the precoding vector for the kth

DL user’s data, xk is the kth DL user’s transmit signal where
E{‖xk‖2} = 1. The second term is the MUI caused by the other
DL transmissions in the network. The third term is the co-channel
interference (CCI) caused by the UL transmissions from the Ku

UL users, where Pu is the UL transmission power. In this paper,
we assume that all the Ku UL users have a constant transmit
power Pu [42]–[44]. hk,i is the channel coefficient between the
ith UL user and the kth DL user, si is the ith UL user transmit
signal with E{‖si‖2} = 1, and ndk is the DL additive white
complex Gaussian noise (AWGN) term with variance σ2. From
the expression in (1), the DL received SINR at the kth DL user

2The results under perfect CSI may act as an upper bound on the sum rate
performance for the FD systems.

is given by

Γdl =
Pd‖hkwk‖2

σ2 +
Kd∑
j=1
j 6=k

Pd‖hkwj‖2 +
Ku∑
i=1

Pu‖hk,i‖2
. (2)

On the other hand, in the case of the UL transmission, the
received signal at the BS from the lth UL user transmission l ∈
{1, 2, · · · ,Ku} is given by

yu,l =
√
Puulglsl︸ ︷︷ ︸

Desired Signal

+

Ku∑
i=1
i 6=l

√
Puulgisi︸ ︷︷ ︸

MUI

+
√
CBS

√
PdulHsiWdxd︸ ︷︷ ︸

RSI

+ulnu,

(3)

where ul ∈ C1×Nr is the receive vector for the lth UL trans-
mission data, gl ∈ CNr×1 is the UL channel vector between
the lth UL transmitter and the BS receive antennas. The second
term of the expression in (3) is the MUI on the lth UL user
from other UL transmissions in the network; the third term in (3)
is the residual self-interference (RSI) signal. The RSI signal is
the product of the square-root of the SI cancellation coefficient
0 ≤ CBS ≤ 1 which is introduced by the FD radio at the
BS, the DL transmission power, the UL receive vector ul, the
self-interference channel matrix Hsi ∈ CNr×Nt between the BS
transmit and receive antennas, the DL precoding matrix Wd, and
the transmitted DL signal xd ∈ CKd×1 [45]. Dinally, nu ∈ CNr×1

is the AWGN noise vector with variance σ2. Accordingly, the
received SINR for the lth UL user at the BS receive antennas is
given by

Γul =
Pu‖ulgl‖2

σ2‖ul‖2 +
Ku∑
i=1
i 6=l

Pu‖ulgi‖2 + CBSPd‖ulHsiWdxd‖2
. (4)

From the expressions in (2) and (4), the sum rate per unit time
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and unit bandwidth is given by

Rs =

Kd∑
k=1

C1 log2(1 + Γdl) +

Ku∑
l=1

C2 log2(1 + Γul), (5)

where C1 and C2 are constant scaling factors.

B. Full Duplex MIMO Network with ZF Precoder and ZF Re-
ceiver

Usually, in HD-MIMO networks, the ZF precoder and receiver
aim to cancel the MUI between the DL transmissions and the
UL transmissions, respectively. However, in FD-MIMO networks,
besides canceling the DL-MUI, the DL transmit precoder will aim
to null the SI on some of the BS receive antennas as well. The
SI level is decreased by assuming that this proportion of the BS
receive antennas are an additional set of virtual DL users and
null interference at them. Since considering the SI cancellation
in the precoder design will decrease the DL transmission gain,
we propose a variable 0 ≤ Na ≤ min(Nr, Nt − Kd) to be the
number of BS receive antennas at which the ZF precoder will
cancel SI by transmit-beamforming. When Na = 0, SI will not
be canceled at any BS receive antennas by transmit-beamforming,
i.e., the ZF precoder will only null the MUI interference between
the DL transmissions. On the other hand, when Na = Nr, the
precoder will null SI at all the BS receive antennas. Finally,
when 1 < Na < Nr − 1, the precoder will null SI at only
Na receive antennas. Accordingly, it should be guaranteed that
Nt ≥ (Kd +Na) to have enough dimensions to transmit the DL
data and to null interference at the intended DL users and BS
receive antennas. The system model is shown in Fig. 1b.

Based on the above assumptions, the received signal at the kth

DL user is given by

yd,k|ZF =
√
Pdhkw

ZF
k xk︸ ︷︷ ︸

Desired Signal

+

Ku∑
i=1

√
Puhk,isi︸ ︷︷ ︸

CCI

+ndk, (6)

where wZF
k ∈ C(Nt)×1 is the ZF precoding vector for the kth

DL user’s data. The second term is the CCI caused by the
UL transmissions from Ku UL users. The ZF precoding matrix
FZF ∈ C(Nt)×(Na+Kd) and the normalized precoding matrix
WZF ∈ C(Nt)×(Na+Kd) are given, respectively, by

FZF = HH
t

(
HtH

H
t

)−1
,

WZF =
FZF
‖FZF ‖F

,
(7)

where, Ht =
[
Hd Ha

]T ∈ C(Na+Kd)×(Nt) is the aggregated
DL channel matrix which is composed of the DL channel matrix
Hd = [h1 h2 · · ·hKd ]T ∈ CKd×Nt and Ha ∈ CNa×Nt is the
channel between the BS transmit and receive antennas at which
the SI is nulled. ‖FZF ‖F denotes the Frobenius norm of the
precoding matrix FZF . When comparing the expressions in (1)
and (6), it can be readily noticed that using the ZF transmit
precoder cancels the MUI term. From the expression in (6), the

DL received SINR at the kth DL user can be given by

ΓZFdl =
Pd‖hkwZF

k ‖2

σ2 +
Ku∑
i=1

Pu‖hk,i‖2
. (8)

On the other hand, in the case of the UL transmission, the
received signal at the BS from the lth UL transmission l ∈
{1, 2, · · · ,Ku} is given by

yu,l|ZF =
√
Puu

ZF
l glsl︸ ︷︷ ︸

Desired Signal

+
√
CBS

√
Pdu

ZF
l HZF

si WZFxZF︸ ︷︷ ︸
RSI

+uZFl nu,

(9)
where uZFl ∈ C1×Nr is the ZF receive vector for the kth UL
transmission data. The ZF UL receiving matrix UZF ∈ CKu×Nr
is given by

UZF = (GHG)−1GH , (10)

where G ∈ CNr×Ku =
[
g1 g2 · · · gKu

]
is the UL channel

matrix between the UL transmitters and the BS receive antennas
3. The second term in (9) is the RSI power, HZF

si =
[
Ha Hr

]T
∈ CNr×Nt is the channel between the BS transmit and receive an-
tennas. In the case of utilizing the ZF precoder, HZF

si is composed
of Ha and Hr ∈ CNr−Na×(Nt) which is the channel between the
BS transmit antennas and receive antennas at which SI will only
be canceled through FD radio SI cancellation and not through the
transmit precoder. Moreover, xZF =

[
xd 0Na

]T ∈ C(Kd+Na)×1

is the aggregated transmitted DL signal which is composed of the
DL users’ signal xd ∈ CKd×1 and the zero signals 0Na ∈ CNa×1

which are sent to the Na BS receive antennas for SI cancellation.
Similarly, When comparing expressions (3) and (9), it can be
noticed that using the ZF in the receiver cancels the MUI term.
Accordingly the received SINR for the lth UL user, at the BS
receive antennas, is given by

ΓZFul =
Pu‖uZFl gl‖2

σ2‖uZFl ‖2 + CBSPd‖uZFl HZF
si WZFxZF ‖2

, (11)

From the expressions in (8) and (11), the sum rate per unit time
and bandwidth is given by

RZF =

Kd∑
k=1

C1 log2(1 + ΓZFdl ) +

Ku∑
l=1

C2 log2(1 + ΓZFul ). (12)

where C1 and C2 are constant scaling factors.

IV. SUM RATE MAXIMIZATION IN FULL-DUPLEX MIMO
NETWORK

In this section, we study the sum rate maximization problem
for the models proposed in Section III. For the model in Section
III-A, the optimization will be with respect to Nt, Nr, the
precoder vectors, and the receiver vectors. For the model in
Section III-B, and since ZF precoder and receiver are used, then
the optimization will be with respect to Nt, Nr, and Na. It should
be noted that optimizing over Nt, Nr, and Na depends on the
amount of CSI known at the BS, and therefore, we should also
consider the antennas’ selection problem while optimizing the

3The normalization of the DL precoding matrix in (7) is to limit the power
transmitted from the BS. However, in the UL transmission, in (10), the normal-
ization of the UL receiving matrix is not required
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values of Nt, Nr, and Na. In other words, we should select
the indices of the transmit and receive antennas and not just the
number of antennas in each subset. For that purpose, we define the
binary variable at|n ∈ {0, 1}, n ∈ {1, 2, · · ·N}. When at|n = 1,
then the nth antenna is used as a transmit antenna, otherwise,
the nth antenna is used as a receive antenna. Accordingly,
Nt =

∑N
n=1 at|n and Nr = N −

∑N
n=1 at|n =

∑N
n=1(1− at|n).

Moreover, in the case of ZF, we define the binary variable
asic|n ∈ {0, 1}, n ∈ {1, 2, · · ·N}. When asic|n = 1, then the
SI is nulled at the nth antenna by the ZF precoder. Otherwise,
the SI is not cancelled at the nth antenna by the ZF precoder.
If the nth antenna is configured to be a transmit antenna, i.e.,
at|n = 1, then asic|n will be automatically set to zero. Next, we
will, respectively, formulate and solve the sum rate maximization
problems for the two models presented in Section III-A and
Section III-B.

A. Joint Transmitter-Receiver Optimization in Full Duplex MIMO
Network

In this case, we maximize the sum rate by optimizing Nt, Nr,
the precoder weights, and receiver weights. Additionally, we find
the indices of the transmit and receive antennas 4. Accordingly,
the sum rate maximization problem can be formulated as

max
at,Wd,Uu

Rs

subject to
N∑
n=1

at|n ≥ Kd,

N∑
n=1

(1− at|n) ≥ Ku,

Pd

Kd∑
k=1

‖wk‖2 ≤ Pmax,

at|n ∈ {0, 1}, ∀n ∈ {1, · · · , N},

(P1)

where at is a vector that includes all the at|n variables. The
first constraint guarantees that the number of transmit antennas
is larger than the number of DL users. The second constraint
guarantees that the number of receive antennas is larger than
the number of UL users. The third constraint is to keep the
overall DL transmission power bounded to Pmax, which is the
maximum allowable transmission power 5. The formulation in
(P1) doesn’t impose minimum-rate constraints on the UL and the
DL transmissions. This assumption has been adopted in many
research work [8], [49], [50]. However, maximizing the sum rate

4It should be noted the sum rate maximization formulation suffers from a
fairness problem as user with bad channel conditions are normally not assigned
any resources. To address this issue some papers, in other contexts, has added a
per user minimum rate constraint, e.g., [46]. Some other papers have adopted a
different formulation, e.g., the max-min formulation where the minimum data rate
is maximized [47]. In [48], authors have addressed this problem by maximizing
the logarithmic utility function, which yields a good balance between system
throughput and fairness. However, in our work, we focus on the sum rate
maximization formulation similar to [8], [49], [50]. We leave addressing the
fairness issue as a direction for future work.

5It should be noticed that the receiver weights’ power is not a function of the
UL transmission powers from the UL users. Accordingly, we assume that the UL
transmission power Pu is constant, and in that case, in (P1), we will not need a
constraint to limit the UL transmission power.

with no minimum-rate constraints may cause some fairness issues
among the users. The authors in [48] have addressed this problem
by maximizing the logarithmic utility function, which yields
a good balance between system throughput and fairness. The
optimization problem in (P1) is an MINLP problem, which is very
hard to solve due to the presence of at|n’s binary variables. Addi-
tionally, it should be noticed that the values and the indices of Nt
and Nr control Wd and Uu matrices’ dimensions, respectively, as
Wd ∈ CNt×Kd and Uu ∈ CKu×Nr . Therefore, it is not possible
to divide the problem in (P1) into two separate sub-problems to
deal with the integer and continuous variables. Accordingly, to
solve the problem in (P1), we start by reformulating the problem
in terms of Wex ∈ CN×Kd which is an extended precoder matrix,
Uex ∈ CKu×N which is an extended receiver matrix and At|ex
which is an N ×N diagonal matrix with the elements of at on
the diagonal. In this case, changing the value of Nt and Nr will
not affect the dimensions of Wex and Uex, respectively. Next,
we define the sum rate in terms of Wex, Uex, and At|ex as
Rex =

Kd∑
k=1

log2

1 +
Pd‖hk|exAt|exwk|ex‖2

σ2 +
Kd∑
j=1
j 6=k

Pd‖hk|exAt|exwj|ex‖2 +
Ku∑
i=1

Pu‖hk,i‖2


+

Ku∑
l=1

log2

(
1 +

Pu‖ul|ex(IN −At|ex)gl|ex‖2

σ2‖ul|ex(IN −At|ex)‖2 + CCIex +RSIex

)
,

(13)
where

CCIex =

Ku∑
i=1
i 6=l

Pu‖ul|ex(IN −At|ex)gi|ex‖2, (14)

RSIex = CBSPd‖ul|ex(IN −At|ex)Hsi|exAt|exWexxex‖2, (15)

hk|ex ∈ C1×N is the extended DL channel between the kth DL
user and all the BS antennas, wk|ex ∈ CN×1 is the kth column
of the extended precoder matrix Wex, ul|ex ∈ C1×N is the lth

row of the extended transmitter matrix Uex, gl|ex ∈ CN×1 is the
extended UL channel between the lth UL user and all the BS
antennas and Hsi|ex ∈ CN×N is the channel matrix between the
BS antennas.

Therefore, the sum rate maximization problem in (P1*) can be
reformulated as

max
At|ex,Wex,Uex

Rex

subject to Tr(At|ex) ≥ Kd,

N − Tr(At|ex) ≥ Ku,

Pd‖Wk|ex‖2 ≤ Pmax,
At|ex(n, n) ∈ {0, 1} ∀n ∈ {1, · · · , N},

(P1*)

where the first constraint ensures that Nt = Tr(At|ex), which is
the sum of the diagonal elements of At|ex, exceeds Kd, and the
second constraint guarantees that Nr = N−Nt = N−Tr(At|ex)
exceeds Ku. To solve the problem in (P1*), which is an MINLP
problem, we adopt the GBD algorithm. Next, we will given an
overview on the GBD algorithm, and how it could be used to
solve the problem in (P1*).
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Data: γν ∈ (0, 1], x0 ∈ X ; set ν = 0.

(S.1) If xν is a stationary point of (P): STOP;
(S.2) Compute x̂(xν), the solution of (Pxν );
(S.3) Set xν+1 = γν(x̂(xν)− xν);
(S.4) ν ← ν + 1 and go to step (S.1);

Algorithm 1: NOVA Algorithm for (P)

1) GBD Algorithm for Joint Transmitter-Receiver Optimization
in FD-MIMO Network : GBD is a procedure to solve MINLP
problems that have both continuous and integer variables [51].
The main idea of GBD is to divide the MINLP problem into
two sub-problems; the primal problem and the master problem.
The primal problem, which is related to the continuous variables,
is obtained by fixing the values of At|ex variables to a certain
feasible point At|ex and rewrite the problem in terms of Wex and
Uex. The second sub-problem is called the master problem which
is only related to the integer variables. These two problems are
solved iteratively until their solutions converge. At each iteration,
and based on the primal problem feasibility, either an optimality
cut or a feasibility cut is added to the master problem.

To solve the MINLP in (P1*) using the GBD, the first step is
to formulate the primal problem, after setting At|ex = At|ex, as
follows 6

min
Wex,Uex

−Rex|At|ex

subject to Pd‖Wex‖2 ≤ Pmax.
(P1.1*)

If the primal problem is feasible, we update the solution upper
bound (UBD), then we will need to calculate the optimality cut
of this feasible iteration, which will be later used in formulating
the master problem. The optimality cut for each j1 = 1, · · · J1 of
feasible iterations is given by

L(At|ex, µ
j1) = min

Wex,Uex

(−Rex + µTG(At|ex,Wex,Uex)).

(16)

However, if the primal problem is infeasible then we will need
to calculate the feasibility cut of this infeasible iteration, which
will be similarly used in formulating the master problem. The
feasibility cut, for each j2 = 1, · · · J2 of infeasible iterations, is
given by

L2(At|ex, λ
(j2)) = min

Wex,Uex

(λTG(At|ex,Wex,Uex)), (17)

where the feasibility cut is obtained from solving the feasibility
problem. The feasibility problem is given by

max
λ

min
Wex,Uex

λTG(At|ex,Wex,Uex), (Q)

where G(At|ex,Wex,Uex)) denotes the constraint functions
defined in (P1). The next step is to formulate the master problem

6GBD requires that the initial value At|ex should be any feasible point in the
optimization problem set that satisfies the first two constraints in (P1*).

as follows,

min
At|ex,γ

γ

subject to γ ≥ L(At|ex, µ
j1), j1 = 1, · · · , J1,

0 ≥ L2(At|ex, λ
j2), j2 = 1, · · · , J2.

(P1.2*)

After solving the master problem, we update the solution’s lower
bound (LBD). As previously mentioned, both the primal and the
master problems are solved iteratively till their solutions, i.e., the
UBD and the LBD, respectively, converge.

To solve the primal problem in (P1.1**), we adopt the iNner
cOnVex Approximation (NOVA) algorithm proposed in [52], [53].
The idea of the NOVA algorithm is to solve a sequence of strongly
convex inner approximations of (P1.1**). Next, we will give a
brief overview of the NOVA algorithm, and discuss how it could
be used to solve the primal problem in (P1.1**).

2) An Overview of the NOVA Algorithm for Constrained Non-
convex Optimization: Assume a minimization problem of a non-
convex objective function Q : K → R with a convex set K subject
to some convex constraints and some non-convex constraints
zj(x) ≤ 0, with zj : K → R,

min
x

Q(x)

subject to zj(x) ≤ 0, j = 1, · · · ,m,
x ∈ K,

(P)

where the feasible region of (P) is denoted by X . The main goal
of the NOVA algorithm is to efficiently compute local optimal
solutions of (P), while preserving the feasibility of the iterations
7. Given xν ∈ X , the approach solves a sequence of strongly
convex inner approximations of (P) of the form:

min
x

Q̃(x; xν)

subject to z̃j(x,x
ν) ≤ 0, j = 1, · · · ,m,

x ∈ K,
(Pxν )

where Q̃(x; xν) and z̃j(x,xν) represent approximations of Q(x)
and zj(x) at the current iteration xν , respectively, and with X (xν)
as the feasible region of (Pxν ). Q̃(x; xν) is a strong convex
function on K, and z̃j(·,y) is convex over K for all y ∈ X .
It can be shown that each sub-problem (Pxν ) is strongly convex,
and thus has a unique solution which is denoted by x̂(xν):

x̂(xν) , argmin
x∈X (xν)

Q̃(x;xν). (18)

Afterwards, Algorithm 1 is utilized to obtain (Pxν ) solution.
Starting from an initial feasible point x0, the proposed method
iteratively computes x̂(xν), the solution to the problem in (18),
and then taking a step from xν towards x̂(xν). In Step S.1, it is
required to check the stationarity of the current solution. A suit-
able termination check in Step S.1 is ‖x̂(xν)− xν‖ ≤ εn, where
εn is the desired accuracy. Additionally, we use a diminishing
step size rule to update γν :

γν = γν−1(1− εγν−1), ν ≥ 1, (19)

7For the interested reader, the convergence requirements of NOVA algorithm
are stated in [52].
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Data: all CSI information, ε0

1) Initialize the upper bound UBD and the lower bound
LBD

2) if UBD ≤ LBD + ε0 then
(A∗t|ex,W

∗
ex,U

∗
ex) is the problem solution;

else
Solve the Primal Problem
if the primal problem (P1.1**) is feasible then

Solve the primal problem and obtain the solution
and multipliers (W∗

ex,U
∗
ex, µ

∗);
Determine L(At|ex, µ

K1);
If −Rex(At|ex,W

∗
ex,U

∗
ex) < UBD, set

UBD = −Rex(At|ex,W
∗
ex,U

∗
ex);

else
Solve the feasibility Problem in Q and Obtain its
solution (W∗

ex,U
∗
ex, λ

∗);
Determine L2(At|ex, λ

(J2));
end
end

3) Solve the master problem in (P1.2*) and obtain its solution
(γ∗,A∗t|ex);

4) Set the LBD = γ∗;
5) Set At|ex = A∗t|ex;
6) Return to Step 2;

Algorithm 2: Joint Transmitter-Receiver Optimization in Full
Duplex MIMO Network

where γ0 ∈ (0, 1] and ε ∈ (0, 1). For more details on the NOVA
algorithm and the choice of γ, ε, and ε, please refer to [52],
[53]. In the proposed primal problem in (P1.1**), we only need
to derive an approximation R̃ex for the objective function Rex.
A valid choice of R̃ex, as suggested by [52], is the first order
approximation of Rex, that is, R̃ex =

∑I
i=1 R̃ex(xi,x

ν), with
each

R̃ex(xi,x
ν) , ∇xiRex(xν)T (xi − xνi ) +

τi
2
‖xi − xνi ‖2 (20)

where xi is the ith block of variables. In our
problem, {x1, · · ·xKd ,xTKd+1 · · · ,xTKd+Ku

} =
{w1|ex, · · · ,wKd|ex,u

T
1|ex, · · · ,u

T
Ku|ex}. Accordingly, the

primal problem approximation is given by,

min
Wex,Uex

− R̃ex|At|ex

subject to Pd‖Wex‖2 ≤ Pmax.
(P1.1**)

Afterwards, we can adopt Algorithm 1 to solve the primal prob-
lem approximation in (P1.1**). The complete solution algorithm
for (P1*) is presented in Algorithm 2. After initializing the UBD,
and the LBD, we solve the primal problem with the NOVA
algorithm, i.e., Algorithm 1. Afterwards, based on the primal
problem feasibility, we will add either an optimality cut or a
feasibility cut to the master problem. The next step is to solve
the master problem and update the LBD. The algorithm will keep
on iterating between the primal and the master problems till their
solutions converge, as indicated in the second step in Algorithm
2.

B. Joint Transmit Antennas, Receive Antennas, and SI Cancel-
lation Optimization in Full Duplex MIMO Network with Zero-
Forcing Precoder and Zero-Forcing Receiver

In this case, we try to find the optimal values for Nt, Nr, and
Na that maximize the network sum rate. Additionally, we need
to find the indices of the transmit antennas, receive antennas, and
the receive antennas at which the SI will be nulled. Accordingly,
the sum rate maximization problem can be written as

max
Nt,Nr,Na,aZFt ,asic

Rs

subject to Nt ≥ Kd +Na,

Nr ≥ Ku,

0 ≤ Na ≤ min(Nr, Nt −Kd),
N∑
n=1

at|n = Nt,

N∑
n=1

(1− at|n) = Nr,

N∑
n=1

(1− at|n)(asic|n) = Na,

(P2)

where aZFt is a vector including all the at|n coefficients and asic
is a vector including all the asic|n coefficients. The optimal solu-
tion of (P2) can be obtained by brute-force exhaustive searching

among
N−Ku∑
Nt=Kd

(
N
Nt

) [ (
Nr
1

)
+
(
Nr
2

)
+ · · · +

(
Nr

min(Nr,Nt−Kd)

)
]

cases. Therefore, the exhaustive search is impractical to im-
plement for a relatively large number of antennas. Accordingly,
we propose a heuristic two-step antenna selection algorithm;
in the first step, we determine the indices of the transmit and
receive antennas. In the second step, we determine the indices of
the receive antennas at which SI will be cancelled by transmit
precoder.

1) Transmit and Receive antennas’ selection in FD-MIMO
Networks: In this section, we explain the proposed iterative
algorithm for selecting the transmit and receive antennas for
the model described in Section III-B. The algorithm steps are
illustrated in Algorithm 3. Initially, it is assumed that the antennas
are randomly selected to be either transmit or receive antennas
while satisfying the first two constraints stated in (P2). From
the CSI information at the BS, the BS antennas are sorted in
descending order based on the sum of the UL and DL channel
gains to all the UL and DL users, respectively. The first step is to
start with the antenna with the largest sum of UL and DL channel
gains and checking whether fixing this antenna to be a transmit
or receive antenna will be more beneficial for the sum rate. At
this step, we do not consider SI cancellation via ZF transmit
beamforming. After we determine the mode of the first antenna,
we move to the antenna with the second-largest sum of UL and
DL channel gains. Similarly, and by knowing the first antenna’s
mode, the second antenna’s mode is chosen to achieve a higher
gain in the sum rate. Subsequently, the algorithm decides the
mode of all the other remaining antennas. It should be noted that
in each step, the algorithm checks that setting the antenna’s mode
will not violate the constraints on the number of antennas. After
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Data: all CSI information, A0
t , ε, RS(A0

t );
Result: Find A∗t = [at|1, at|2, · · · , at|N ]T ;

Initially:
At = A0

t , Iteration j = 1;

1: Sorting

(a) Calculate λn =
Kd∑
k=1

‖hnk‖2 +
Ku∑
l=1

‖gnl ‖2 ∀ n ∈ {1..N};

(b) Form Λ such that Λ(1) = n(max(λn)), Λ(N)
= n(min(λn));

2: Sequential Transmit/Receive Antenna Selection
For each antenna: (at|Λ(i) = 1) if RZF |(at|Λ(i) = 1) ≥
RZF |(at|Λ(i) = 0) else(at|Λ(i) = 0)
3: Check Convergence
(a) if RZF (Aj

t )-RZF (Aj−1
t ) ≤ ε1 then

A∗t = Aj
t ;

else
j=j+1;
Return to Step. 2;

end

Algorithm 3: Transmit and Receive Antenna Selection is FD-
MIMO Networks

selecting the modes for all the antennas, the algorithm reiterates
the selection process starting from the first antenna until the
change in the sum rate is within a certain tolerance. It should
be noticed that the antenna selection process is performed at the
BS. Additionally, the complexity of Algorithm 3 can be obtained
adding the complexity of each operation in the algorithm and
choose the worst-case term, i.e., the highest order term, which
dictates the algorithm limiting behaviour. Accordingly, Algorithm
3 has a computational complexity of O(N2), i.e., polynomial
complexity.

2) Antenna Selection for SI-Nulling is FD-MIMO Networks:
In this section, we explain the proposed iterative algorithm for
selecting the receive antennas at which the SI is nulled by ZF
transmit beamforming. Initially, we consider no SI-nulling at any
receive antenna. By using a similar approach to the algorithm in
Section IV-B1, each receive antenna will be ranked according to
the gain in sum rate achieved when SI-nulling is done exclusively
at this antenna. Then, the algorithm checks if nulling the SI
on the highest-gain antenna will increase or decrease the sum
rate. If the SI-nulling on this antenna increases the sum rate,
then the value of asic|n = 1, otherwise, asic|n = 0. Afterward,
the algorithm proceeds to the antenna with the second-highest
gain and based on the decision taken on the first antenna, the
algorithm decides whether or not to null the SI on the second
antenna. This process repeats for each receive antenna. Note that,
in each step, the algorithm checks that the constraints on the
number of antennas ae not violated. Subsequently, the algorithm
reiterates the selection process until the change in the sum rate is
within a certain tolerance. The complete procedure is illustrated
in Algorithm 4.

Assuming that there is no SI-nulling on any of the receive
antenna, the algorithm calculates the sum rate R

′

sn when SI is
canceled on the nth antenna exclusively. Afterward, the antenna

indices are sorted in the vector C in a descending order based
on the highest sum rate gain, i.e., C(1) = n(max(R

′

sn)), C(N)
= n(min(R

′

sn)). The next step is to check the effect of canceling
the SI at more receive antennas on the sum rate. To do this,
we first assume, while satisfying the constraints on the number
of antennas, that we cancel the SI on the first receive antenna
index in C(1), i.e., asic|C(i) = 1. Afterward, with SI cancellation
at C(1), the algorithm checks if additionally canceling SI at
C(2) will increase the sum rate. If this additional SI cancellation
increases the sum rate then we set asic|C(2) = 1; otherwise
asic|C(i) = 0. This process repeats for all receive antennas.
Afterward, the algorithm iterates until a convergence, within a
certain tolerance, ε2, is reached. Note that, The antenna selection
process for SI nulling is performed at the BS. Finally, by adopting
the same calculation procedure used for Algorithm 3, we can find
that Algorithm 4 has a computational complexity of O(N2), i.e.,
polynomial complexity.

V. ASYMPTOTIC SUM RATE BEHAVIOR OR FULL-DUPLEX
MIMO NETWORKS WITH ZERO-FORCING

In this section, we study the asymptotic rate behavior when
N = Nt +Nr →∞. We assume that the BS has a ZF precoder
and a ZF receiver. In this case, we can assume that Na = αNr.
The first step in studying the asymptotic behavior is to evaluate
how the DL and the UL rates are affected when the number of
antennas tends to infinity. First, in the following proposition, we
start by studying the behavior of the DL transmission.

Proposition 1. A lower bound for the total FD DL rate Rd is
given by

Rd = Kd log2

(
1 +

Nt − (Kd +Na)

Kd +Na

(
Pd

σ2 + PuKu

))
. (21)

Proof: From (8), the total DL rate is the sum of the DL rates
from the DL-HD users and the FD nodes. Accordingly, the lower
bound of the total DL rate can be derived as

Rd = KdE
[
log2

(
1 + ΓZFdl

)]
,

(a)
≥ Kd log2

{
1 +

[
E
(

1

ΓZFdl

)]−1
}

(b)
= Kd log2

1 +

E

σ2 +

Ku∑
i=1

Pu‖hk,i‖2

Pd/‖FZF ‖2F



−1

(c)
= Kd log2

{
1 + Pd

Nt − (Kd +Na)

(Kd +Na)
(
σ2 + E{

Ku∑
i=1

Pu‖hk,i‖2}
)
}

(d)
= Kd log2

{
1 +

Nt − (Kd +Na)

Kd +Na

(
Pd

σ2 + PuKu

)}
,

(22)

where (a) results from applying Jensen inequality for the convex
function log2(1 + 1/x) and assuming that, in massive MIMO
systems, each HD-DL user from the Kd users will “asymptoti-
cally” experience the same receive SINR as a result of channel
hardening [54], [55] . (b) follows from the ZF array gain
properties, in which FZFHt = IKd+Na/‖FZF ‖F . Therefore,
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Data: all CSI information, At, ε2, RS(At)
Result: Find A∗sic

Initially:
asic|n = 0, ∀ n ∈ {1, 2, · · · , Nr}, Iteration j = 1;

1. for n = 1 : Nr do
(a) Set asic|m = 0 ∀m 6= n ∈ {1, 2, · · · , Nr};
Calculate R

′

sn;
end
2. Form a vector C such that C(1) = n(max(R

′

sn)),
C(N) = n(min(R

′

sn));
3. For each antenna, if RZF |(asic|C(i) = 1) ≥
RZF |(asic|C(i) = 0) then asic|C(i) = 1

4. if RZF (Aj
sic)-RZF (Aj−1

sic ) ≤ ε2 thenA∗sic = Aj
sic else

j=j+1; Return to Step 3;

Algorithm 4: Antenna Selection for SI-Nulling

hkwi = δki/‖FZF ‖F , where δki = 1 when k = i and δki = 0
otherwise. Additionally, (c) follows by substituting the value of
‖FZF ‖F calculated in [56]. Finally, (d) is obtained by knowing

that
Ku∑
i=1

‖hk,i‖2 ∼ E(Ku, 1) which is the Erlang distribution with

Ku shape parameter and unity rate parameter, and similarly,
Ku∑
i=1
i 6=m

‖hk,i‖2 ∼ E(Ku − 1, 1) which is the Erlang distribution

with (Ku − 1) shape parameter and unity rate parameter.

In the following proposition we provide a lower bound for the
UL rate when N →∞.

Proposition 2. A lower bound for the FD UL rate Ru is given
by

Ru = Ku log2

(
1 +

Pu(Nr −Ku)

σ2 + CBSPd(1− α)

)
. (23)

The expression in (23) can be derived following the derivation
in [56, Proposition 2].

In order to clarify the trade-off between the DL rate and SI
cancellation by transmit beamforming, the lower bounds of the
DL and UL rates, given in (21) and (23), respectively, in terms
of β = Nt/Nr and α = Na/Nr are written as follows

Rd(β, α) = Kd log2

(
1 +

(
Pd

σ2 + PuKu

)(
β

Kd(β+1)
N

+ α
− 1

))

Ru(β, α) = Ku log2

(
1 +

Pu(
N
β+1
−Ku)

σ2 + CBSPd(1− α)

)
.

(24)

It can be readily verified, based on the expressions derived in
(24), that increasing α leads to better SI cancellation and higher
UL rate; however, it causes a decrease in the DL rate. Therefore,
it is required to optimize β, as well as α, to maximize (enlarge)
the network’s rate region.

A. Antenna Ratio and Self-Interference Cancellation Optimiza-
tion for Rate Region Maximization

In this section, we start by deriving a feasible rate region which
is obtained by calculating the maximum value of Rd(β, α) 8, then
for each possible value of Rd(β, α) = R, we optimize β and α to
maximize Ru(β, α) 9. By setting the DL rate to a constant value
R, the relation between β and α is given by

β

(
1−Ψ

Kd

N

)
= Ψ

(
Kd

N
+ α

)
, (25)

where Ψ = 1 + (σ2+PuKu)(2R/Kd−1)
Pd

. Since Ψ > 1, the relation
in (25) satisfies that β > (α + Kd/N)/(1 −Kd/N). Therefore,
the feasible rate region maximization problem can be given by

max
β,α

Ru(β, α)

subject to 0 ≤ α ≤ 1,

β >
α+ Kd

N

1− Kd
N

,

β

(
1−Ψ

Kd

N

)
= Ψ

(
Kd

N
+ α

)
.

(26)

To find the solution of rate region maximization problem in (26),
we will first study the convexity of the objective function in the
following proposition.

Proposition 3. The total UL rate Ru(β, α), defined in (24), is a
convex function in both β and α given that Nr ≥ 4

3Ku.

The proof for Proposition 3 is presented in [56, Appendix B].
Therefore, we can reformulate the rate maximization in terms

of β or α without affecting the convexity of the problem. After
substituting the value of β in terms of α in (26), the rate
maximization problem is given by

max
α

Ru(α)

subject to 0 ≤ α ≤ 1.
(P3)

Since the objective function is convex 10, the maximization
problem’s solution lies on the boundaries of the feasible set
defined by the constraints in (P3). Therefore, after some simple
mathematical manipulation, it can be readily shown that the values
of α and β maximizing Ru for given Rd are given by

α∗ = 1, and β∗ =
Ψ(1 + Kd

N )

1−Ψ(KdN )
. (27)

On the other hand, the rate maximization problem can also
be derived by setting the value of Ru(β, α) to a certain constant

8The maximum DL rate is achieved when the UL transmission is inactive
9The rate region can also be obtained by calculating the maximum value of

Ru(β, α), i.e., when the DL transmission is inactive. Then for each possible value
of Ru(β, α), we optimize β and α to maximize Rd(β, α).

10It should be noticed that the UL rate is monotonically increasing with α.
However, the rate maximized in (P3) is the UL rate at a constant DL rate, which
is a convex function in α. This is due to the fact that, for small values of α,
increasing α will increase β to keep Rd constant, which will decrease the UL rate.
However, at large values of α, i.e., more SI cancellation, the effect of increasing β
will be less significant on the UL rate and accordingly increasing α will increase
the UL rate. Accordingly, the UL rate, at a constant DL rate, will be convex
function in α
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Fig. 2: Variation of the sum rate with the UL SNR for N = 6,
Kd = 3, and Ku = 2 and N = 8, Kd = 3, and Ku = 2.

value R
′
. Then, for each possible value of R

′
, we optimize β and

α to maximize Rd(β, α). Therefore, for a constant Ru(β, α) =
R

′
, the relation between β and α is given by

β =
NPu

PuKu + (2R
′/Ku − 1)(σ2 + CPd(1− α))

− 1. (28)

It should be noted that in order to guarantee that β > (α +
(Kd/N))/(1 − (Kd/N)), then the FD radio should satisfy the
following condition

CBS ≤
1

Pd

(
Pu(N −Ku)

2R
′/Ku − 1

− σ2

)
. (29)

Accordingly, the rate maximization problem is given by

max
α

Rd(α)

subject to 0 ≤ α ≤ 1.
(P4)

In that case, the optimization problem defined in (P4) is not
convex. Therefore, we will derive the Lagrangian function and
apply the Karush-Kuhn-Tucker (KKT) conditions [57], [58] to
solve the dual problem of (P4). The dual problem of (P4) is
given by

max
α,λ1,λ2

L(α, λ1, λ2) = Rd − λ1(α) + λ2(1− α)

subject to 0 ≤ α ≤ 1.
(30)

The solution of the dual problem is given in the following
proposition.

Proposition 4. The solution of the dual problem using the KKT
conditions is given by

α = 0, λ1 = λ2 = 0. (31)
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Fig. 3: Variation of the sum rate with the UL SNR for different
antennas’ selection algorithms in a FD network.

Proof: The system of equations obtained from applying the
KKT conditions is given by

∂L(α, λ1, λ2)

∂α
= 0

λ1 × α = 0

λ2 × (1− α) = 0.

(32)

After some simple mathematical steps, it can be shown that the
solution of the dual problem in (30) satisfying (32) is given by
α = 0, λ1 = λ2 = 0.

Note that obtaining the feasible rate region by solving (P3) is
more straightforward than solving (P4), due to the convexity of
the optimization problem function in (P3) with respect to α.

VI. NUMERICAL ANALYSIS

In this section, we simulate a square grid network with the BS
in its center and the users are randomly located within the grid. or
a normal-scale FD MIMO setting, we evaluate the performance
of the joint optimization problem proposed in Section IV-A and
compare it to the joint antenna selection and SI cancellation with
ZF receiver and precoder proposed in Section IV-B. Additionally,
since the problems proposed in Section IV-A and Section IV-B
are MINLP and integer programming (IP) problems, respectively,
their performance should be validated by comparing it to the
optimal solution. For the problem in Section IV-A, the optimal
solution is obtained by exhaustive search, i.e., by enumerating all
possible combinations of transmit and receive antennas’ selec-
tions. Then, for each combination, we optimize over the precoder
and the receiver weights. Finally, we choose the combination with
the highest sum rate. Similary, for the problem in Section IV-B,
the optimal solution is obtained by exhaustive search. Finally, we
compare the performance of the joint antenna selection and SI
cancellation to that of the ZF receiver and precoder proposed in
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ent transmit antennas. Parameters used to generate this figure:
N = 400, Kd = 30, Ku = 10, α = 1, σ2 = −110dB,
C = 80dB, Pd = 10W and Pu = 2mW .

Section IV-B with the rate region maximization derived in Section
V.

For a normal-scale FD-MIMO setting, Fig. 2 shows the varia-
tion of the sum rate with the uplink signal-to-noise (SNR) defined
as Pu/σ2 and compare the performance of the algorithms pro-
posed in Section IV-A and Section IV-B to the optimal exhaustive
search based solution. First, the network is simulated for N = 6,
Kd = 3, and Ku = 2. From the results in Fig. 2, it is clear that
increasing the UL SNR under constant UL transmission power,
i.e., decreasing the noise variance σ2, increases the total sum rate
of the network. Additionally, when comparing the joint sum rate
maximization scheme proposed in Section IV-A to the optimal
exhaustive search, we can validate that the proposed algorithm can
achieve near-optimal performance. Similarly, when considering
SI cancellation via ZF, we can verify that the proposed antenna
selection algorithm in Section IV-B can achieve near-optimal
performance. However, when comparing the achievable sum rate
of both algorithms, it is clear that the first algorithm achieves
better performance. As mentioned before, increasing the number
of required interference-nulls decreases the degrees-of-freedom in
the DL transmission, and hence, the DL transmission gain, and
accordingly the sum rate. Then, we can conclude that optimizing
the precoder and transmitter weights with the antenna selection
achieves better performance than optimizing the antenna selection
under the restriction of ZF precoder and ZF transmitter. For
further validation, the network is simulated for N = 8, Kd = 3,
and Ku = 2. Similarly, increasing the UL SNR by decreasing
the noise variance increases the sum rate, Rs. Additionally, the
results verify that the proposed algorithms can approximate the
optimal solution at a much lower complexity. Finally, to study
the effect of SI cancellation via ZF, the network is simulated us-
ing minimum mean-squared-error (MMSE) beamforing and EB.
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Fig. 5: Validating rate maximization problem solution when fixing
Rd = R and maximizing Ru. Parameters used to generate this
figure: N = 200, Kd = 20, Ku = 15, σ2 = −110dB, Rd =
R = 200bps/Hz, Pd = 10W and Pu = 2mW .

From the results, we can see the effectiveness of SI cancellation
via ZF as it outperforms both MMSE and EB. Additionally, we
can notice that the performance gap between ZF and MMSE, or
EB, increases with the UL SNR. This result is because increasing
the UL SNR by decreasing σ2 will increase the SI in the UL
transmission. Accordingly, both the MMSE and the EB sum rates
will be much lower than the "ZF with SI cancellation" sum rate.

Fig. 3 compares the performance of the proposed algorithms
to the performance of random antenna selection and half-duplex
transmission for a network with N = 8, Kd = 3, and Ku = 2,
with ZF precoder and receiver. In the random selection scheme,
the antennas are randomly selected to be either transmit or
receive antennas while satisfying the constraints that Nt ≥ Kd

and Nr ≥ Ku. We study the effect of optimizing the antenna
selection process with ZF precoder and receiver, as proposed in
Section IV-B. As expected, selecting transmit and receive an-
tennas randomly degrades the FD performance, and accordingly,
both algorithms in Section IV-A and Section IV-B outperform
random antenna selection. This result validates that the random
selection of transmitting and receiving antennas might miss better
selection chances, which can potentially achieve a higher sum
rate. Finally, when compared to half-duplex communication, the
proposed algorithm can effectively improve the network’s sum
rate. However, the results show that increasing the UL SNR
narrows the performance-gap between FD and HD sum rates.
This result is because increasing the UL SNR, by decreasing σ2,
will increase the CCI in the DL transmission and the SI in the UL
transmission. Accordingly, the improvement in the FD sum rate
will be slower than in the HD sum rate. Hence, the performance-
gap will narrow.

For a massive MIMO network, we start by validating the
bounds derived in (21) and (23). The system is simulated with
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N = 400 antennas, Kd = 30 users, Ku = 10 users, and α = 1
to show the variation of the DL and UL rates with different
numbers of transmit antennas Nt. The results in Fig. 4 verify that
the derived DL and UL bounds are tight bounds, as the derived
bounds and the rates obtained from simulations show a good
match for different values of Nt. Additionally, it can be noticed
that increasing Nt remarkably affects the DL rate. As shown in
Fig. 4, with full SI cancellation via ZF transmit beamforming, i.e.,
α = 1, if the number of transmit antennas is small, the expected
DL rate is low. However, as the number of antennas increases,
the effective DL antenna array gain increases, and therefore, the
DL rate increases. On the other hand, for α = 1, i.e., full SI-
nulling on the receive antennas, the UL rate is high. Accordingly,
the decrease in the UL SINR caused by increasing the number
of transmit antenna will slightly affect the UL rate.

In Fig. 5, we verify the solution of the problem (P3) and the
value of α derived in (27), that maximizes the UL rate at a given
DL rate, in a massive MIMO setting. The system is simulated
with N = 200 antennas, Kd = 20 users, Ku = 15 users, and
Rd = 200bps/Hz. The results show the variation of Ru with α,
for different values of the cancellation parameter CBS . From the
results in Fig. 5, we can verify that Ru is a convex function of α.
Additionally, the maximum of the uplink rate Ru is always at α =
1, which matches the rate region maximization problem solution
in (27). A final note is that the maximum UL rate achieved at
α = 1 is the same for all values of SI cancellation parameter CBS ,
which is a very intuitive result because at α = 1, i.e., at full SI
cancellation, we have RSI = 0 and therefore, the value of CBS
will not affect the UL performance. Note that the corresponding
value of β that maximizes the UL rate at a given DL rate, is
directly calculated from the relation given in (27).

In Fig. 6, we validate the solution of the dual problem derived
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Fig. 7: Variation of the sum rate with The UL-SNR in a massive
MIMO network.

in (31), for different values of Ru = R
′
, in a system with N =

200 antennas, Kd = 10 users, and Ku = 15 users. The variation
of Rd(α) with α validates that Rd(α), for a constant Ru = R

′
,

is neither a convex nor a concave function of α. Furthermore, the
results in Fig. 6 validate the dual problem solution in (31), as
for different values of R

′
, Rd(α) is always maximized at α = 0.

Moreover, note that for Ru = R
′

= 100bps/Hz and Ru =
R

′
= 408bps/Hz, Rd(α) is slowly varying with α. However, for

Ru = R
′

= 508bps/Hz, Rd(α) is rapidly decreasing with α.
The DL rate behavior can be explained by the relation between β
and Ru, given in (28), which shows that the value of β decreases
with 2R

′
/Ku . Accordingly, increasing the uplink rate to Ru =

508bps/Hz will cause a large drop in the value of β. When β is
small, i.e., small number of the transmit antenna, SI cancellation
with beamforming will greatly degrade the DL rate.

Next, we compare the proposed rate maximization algorithm
derived in Section IV-B with the asymptotic rate region maxi-
mization solution in Section V-A. Fig. 7 shows the variation of
the sum rate with the UL SNR= Pu/σ

2. First, the algorithms are
compared for a network with N = 200 antennas, Kd = 30 users
and Ku = 5 users. The results in Fig. 7 show that the proposed
rate maximization algorithm presented in Section IV-B almost
achieves the same sum rate achieved by maximizing the feasible
rate region in (27). Additionally, it can be noticed that the dual
problem solution in (31) results in an upper bound with a very
small duality gap. When comparing the proposed scheme to the
ZF-scheme which sets β = Kd/Ku and α = 0, as suggested in
[59], it can be seen that the derived solutions achieve better sum
rate which validates the necessity of optimizing both the antennas
ratio and the SI cancellation. For further validation, the network is
simulated with N = 200 antennas, Kd = 30 users, and Ku = 5.
Similarly, from the results, we can verify the importance of jointly
optimizing both the antennas ratio and the SI cancellation. These
results show that for a massive MIMO setting, we just need to
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optimize the antenna ratio. In other words, when the number of
antennas grows, it is sufficient to find the transmit to receive
antennas ratio without the need to select their indices as in the
normal-scale MIMO system case.

Finally, in Fig. 8, the system is simulated with N = 300
antennas, Kd = 20 users, and Ku = 10 to show our derived
feasible rate regions for different FD and HD systems. The
results compare the derived bounds with the rates obtained from
numerical simulations. Additionally, it compares the rate region
obtained from solving the optimization problems in (27) and
(31) and compares them with the rate region obtained by setting
β = Kd/Ku and α = 0 as suggested in [59], and with the
HD rate region. Similarly, as shown in the results of Fig. 7, it
can be noticed that solving the dual problem of (31) results in
an upper bound with a very small duality gap. Additionally, it
can be seen the derived solutions achieve better rate regions than
that achieved by the HD system and that achieved when setting
β = Kd/Ku and α = 0 which again validates the importance of
jointly optimizing the antennas ratio and the SI cancellation for
the rate region maximization problem.

VII. CONCLUSION

In this paper, we study the challenges of full-duplex MIMO
communications. It is shown that, for a normal-scale FD-MIMO
setting, and in order to maximize the network sum rate, it is
required to jointly optimize the antenna selection with transmitter
and receiver weights. Additionally, under the assumption of zero-
forcing transmitter and receiver, it is shown that to maximize
the network sum rate, it is required to jointly optimize selecting
transmit antennas, receive antennas, and receive antennas at
which self-interference is nulled via transmit beamforming. From
numerical results, it is shown that, in a normal-scale FD-MIMO

setting, jointly optimizing the antenna selection, the precoder
weights, and the receiver weights achieves a better performance
that optimizing the antenna selection under the restriction of
zero-forcing precoder and receiver. Furthermore, the asymptotic
behavior of full-duplex massive MIMO systems is presented. We
derive lower bounds for the downlink and uplink capacities and
we show the trade-off between the downlink rate and reducing
the self-interference using transmit beamforming. Accordingly, a
rate region maximization problem optimizing the transmit and
receive antennas ratio and the proportion of self-interference
cancellation is formulated. From the numerical results, in the
case of self-interference cancellation using zero-forcing transmit
beamforming, we show that in a massive MIMO setting we
just need to optimize the ratio of receive antennas at which
interference is nulled; there is no need for specifying the antenna
indices in this case as all antennas are asymptotically equivalent
in our massive MIMO setting. Additionally, the derived bounds
and the rate maximization solution are verified. It is shown that
the proposed scheme achieves better rate region than a previously
proposed scheme which sets antennas ratio to the ratio between
downlink and uplink users.
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