Distortion Exponents for Different Source-
Channel Diversity Achieving Schemes over
Multi-Hop Channels

Karim G. Seddik, Andres KwasinsKi and K. J. Ray Lit

!Department of Electrical and Computer Engineering, 2Texas Instruments Inc.,
and Institute for Systems Research Germantown, MD 20874, USA.
University of Maryland, College Park, MD 20742, USA. akwasinski@ieee.org

{kseddik, kjrliu:@umd.edu

Abstract—The performance limits of multimedia systems such as the “amplify-and-forward” protocol and further
combining source (multiple description) coding and channel studied the outage behavior of user-cooperation when using
coding with user cooperation diversity over multi-hop channels distributed space-time coding in [4].

is studied. Performance is measured through the distortion Di . USi imol . he oh
exponent, which measures the rate of decay of the end-to- DIVErSity Is not exclusive to implementations at the phys-

end distortion at asymptotic high SNRs. Two implementations ical layer. As studied in [5], diversity can also be formed
for user cooperation are considered: amplify-and-forward and when multiple channels are provided to the application
decode-and-forward. Results comparing different source and |ayer, where they are exploited through multiple description
channel coding schemes show that optimum channel coding g4, rce encoders. IMultiple Description Codingifferent
diversity provides the best performance, followed by source - .
coding diversity. The results also show that at low bandwidth descriptions of the Sou_rce_ "’_‘re generated with t_he property
expansion factor, source encoding distortion is the main that they can each be individually decoded or, if possible,
limiting factor. As the bandwidth expansion factor increases, be jointly decoded to obtain a reconstruction of the source
user cooperation diversity is the main limiting factor, thus, wjth lower distortion [6]. The achievable rate-distortion
the distortion exponent could be improved by increasing the performance of multiple description codes was studied in
number of relays. 7]
I. INTRODUCTION This paper focus on studying systems that exhibit diver-

One of the most challenging problems in wireless mukity of three forms: source coding diversity (when using
timedia communications is the need to overcome chanrgeldual description encoder), channel coding diversity and
fading. This problem is frequently addressed through divaliser-cooperation diversity (implemented through multi-hop
sity techniques, which improves the likelihood of receivinghannels, with amplify-and-forward or decode-and-forward
a useful message by transmitting multiple copies of theser cooperation). The presented analysis derives the distor-
signal in a way that each is independently affected hijon exponent for several source-channel diversity achieving
channel impairments. Constrains in the mobiles size asdhemes.
power have produced a new paradigm in diversity-exploiting
techniques where mobile terminals are associated so they
can help each other to ensure successful delivery of multiplewe will focus on systems that communicate a source
copies of a message. The communication channels in teignal over a wireless multi-hop. We will assume that
paradigm have received the generic nameetdy channel communication is performed over a complex, additive white
[1]. We will consider a multi-hop channel where there i$Saussian noise (AWGN) fading channel. Denoting/tthe
no direct path between the source and destination; i.e. tim@ximum average mutual information between the channel
information path between source and destination contaimput and output, for the channel under consideration
one or more relaying nodes. At the signal processing levebg(1+|h|2SN R), whereh is the fading value [8]. Because
several techniques have been proposed for the relaysofdhe random nature of the fading,and the ability of the
forward the sources signals. Most notably, the idea @hannel to support transmission at some rate are themselves
achieving spatial diversity through user cooperation waandom. The probability of the channel not being able to
presented in [2], along with the idea of cooperation througtupport a rateR is called theoutage probabilityand is
“decode-and-forward”. In [3], the authors introduced thgiven by P, = Pr[I < R]. It will be convenient for us to
idea of implementing cooperation through various protocoigork with the random functior’, which has a cumulative
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distribution function (cdf)F,: that can be approximated atencoders [7]. In dual description encoders, source samples

high SNR as [5] are encoded into two descriptions. Each description can
" P either be decoded independently of the other, when the
Fe(t)~c (SNR) . (1) other is unusable at the receiver, or combined to achieve

a reconstruction of the source with a lower distortion,

Both ¢ andp are model-dependant parameters. For the Cagg \when both descriptions are received correctly. This

of Rayleigh fading we have = 1. . fact is reflected in the corresponding R-D function. Let

We consider a communication system consisting of & and R, be the source encoding rates of descriptions
source, a source encoder and a channel encoder. The soyreg,y o respectively, an@®,,q = Ri + Ro. All the

samples are fed into the source encoder for quantizatighhemes we will consider in this work present the same

and compression. The output of the source encoder are felyunication conditions for each description. Therefore,
into a channel encoder which outputé channel inputs. i will be reasonable to assuni@, = Ry = Rynq/2. Under
- - m .

ForAK source samples. anl chanm_el inputs, we denote pythis condition, it was shown in [5] that the following bounds
B = N/K, the bandwidth expansion factor or processing;, pe derived

gain. We assume thdt is large enough to average over the

statistics of the source biX is not sufficiently large to aver-  (4DoD;) /(%) < eftme < (2Dy D)1/ 3P, (4)
age over the statistics of the channel, i.e., we assume block )

fading wireless channel. In this paper we are specificaifynere the lower bound requireS, — 0 and the upper
interested in systems where the source signal average ePind requires als@); — 0.

to-end distortion is the figure of merit. Thus, performance In the case of the high distortion scenario; + Dy —

will be measured in terms of the expected distortigid] = Do > 1, the R-D function equals

E[d(s,$)], whered(s,8) = (1/K) Y v, d(sk, 3) is the 1 1

average distortion between a sequescef K samples Ry = % log ( Dy ) (5)
and its corresponding reconstructidrand d(s, $) is the

distortion between a single sampig and its reconstruction !l M ULTI-HOP AMPLIFY-AND-FORWARD PROTOCOL

Sk. We will assumed(sg, ;) to be the mean-squared dis- In this section, we will consider the analysis for multi-
tortion measure. Following the fading channels assumptidmp amplify-and-forward schemes with different channel
we will be interested in studying the system behavior aind source coding diversity achieving schemes.

large channel signal-to-noise ratios (SNRs) where syste

performances can be compared in terms of the rate of de .%_Smgle Relay . ) )
of the end-to-end distortion. This figure of merit called the 'he System under consideration consists of a source, a
distortion exponent[5], is defined as relay, and a destination. Transmission of a message is done

A log E[D] in two phases. In phase 1, the source sends its information
AsS- SNER oo log SNR’ @) to the relay node. The received signal at the relay node is

Let the [npyt to thg system be a memoryless source. anmen by Urs = hor, VP, + - (6)

sample is first fed into a source encoder. We will consider

two types of source encoderssigle descriptior(SD) and where k., is the channel gain between the source and

a dual descriptionsource encoder, i.e. the source encodéhe relay node,P is the source transmit power where

generates either one or two coded descriptions of the sour#||z||?] = 1, ns,, is the noise at the relay node modeled
The performance of source encoders can be measuesdzero mean circularly symmetric complex Gaussian noise

through its achievable rate-distortion (R-D) function, whiclvith varianceN, /2 per dimension, and; is the transmit-

characterizes the tradeoff between source encoding rate &dl source symbol. In phase 2, the relay normalizes the

distortion. The R-D function for SD source encoders is freeceived signal by the factar; < m [3] and

quently considered to be of the forfi= (1/c5)log(c1/D),  retransmits to the destination. The received signal at the

where R, the source encoding rate, is measured in N&gstination is given by

per channel use. This form of R-D function is a good

approximation in the high-resolution limit [9]. In this case, ¥d = hry,aQ1¥Yr, + Ny d

the R-D function can be approximated without loss of = hyy a@thr, VPTs + ey a0 ey + Ty, (1)

generality, as [7],
wheren,, 4 is the noise at the destination node and is mod-

1
= 28 log (5) (3) eled as zero mean circularly symmetric complex Gaussian

For multiple description (MD) source encoders, the R°'S€ yvnh_varlan_ce(\fo/Q per dimension. Tr;e mutu_al In-
D region is only known for the dual description sourcéormation is maximized whem =/ pp—"prx; 1€,



satisfying the power constraint with equality. The mutualhere Fz(t) is the cdf of the random variablg. The min-

information in this case was found to be [3] imum expected end-to-end distortion can now be computed

I(eaya) =log (14 —Ven PN BRI aPSN R
e s 2SNR + |y, d2SNR + 1

) as
8 E[D] = mgn{ Pr[I(z,,y4) < R(D)] + D- .
; 16
whereSNR = P/Ny. At high SNR, we have
/No |h 1|QSNR\h1d|QSNR Pr[I(xs,yd)zR(D)]},
I(xs, ~log |1+ R L ) ) )
(2,%a) 5 ( |hs.r 2SNR+ |hr1,d|2SNR> whereD is the source encoder distortion aRds the source
(9) encoding rate. Note that (16) implicitly assumes that in the
\hs.rs 2SN R|hy, a2SNR case of an outage the missing source data is concealed by
~ log (|h 7|125NR+ |hh QSNR) . replacing the missing source samples with their expected
) e T1,d . value (equal to zero) and we assume unit variance source
Equation (9) indicates that the two-hop amplify-and-forwarg e, the source distortion under outage event equals 1).

channel appears as a link with signal-to-noise ratio that ifsing the bounds in (15) the minimum expected distortion
the scaled harmonic mean of the source-relay and relaygn be upper and lower bounded as

destination channels signal-to-noise ratioo calculate . .
i i _ 2 —
the distortion exponent le¥; = |h,,,[*SNR and Z, = . {Cl (exp(R(D))) N {1 e (exp(R(D))) ] D}

|k a|>SNR. Assuming symmetry between the source- D SNR SNR
relay and relay-destination channels, we have < E[D] <
t p ~ ~
Fz,(t)~c () p P
: SNR : exp(R(D)) exp(R(D))
LA (10) H};ﬂ{@(m S R N B B
Fa(t) ~c (SNR) ) (17)

where Fy (.) and Fy,(.) are the cdf ofZ, and Z,, For sufficiently large SNRs ,we have

respectively. The scaled harmonic mean of two nonnegative . exp(R(D))\" p\ < pip <

random variables can be upper and lower bounded as e SNR ™ SRS
Z1Zs

1
—min(Zy, Zs) < < min(Zy, Zs). (1)) p
2 Zl + Z2 min {02 <6Xp(R(D))> 4 D}
While the lower bound is achieved if and only4f = 75, b SNR

Zy = 0 or Z; = 0, the upper bound is achieved if and 5= wh
only if Z, = 0 or Z, = 0. Define the random variable From (3), exp(R(D)) = D=, wheref,, = Nn/K as

(18)

7 — ZzllJrZZZg From (11) we have illustrated iLJ:ig. 1, which leads to o
Prmin(Zy, Zs) < ] < Pr|Z < ] < Pr[min(Zy, Z) < 2t]. . .. D% < < o D (19)
12) mg)nclSNRp+D%E[D}%m1anSNRp—I—D.
Then we have Differentiating the lower bound and setting equal to zero
Pr[min(Zy, Zy) < t] = 2F5, (t) — (Fz, (t))2 we get the optimizing d|st9£};|2n
oot Y () D* = (Qﬁ m> T SN R (20)
SNR SNR ap
¢ P Substituting from (20) into (19) we get
~Cl\| === ) —2Bmp —28mp
SNR Crp SNRZm*» S E[D] S Cyp SNR#n4r, (21)
13
o (13) whereCg andCyp are terms that are independent of the
wherec; = 2¢. Similarly, we have SNR
» .
Prmin(Z, Z3) < 2t] = ¢ ( ¢ ) , (14) The distortion exponent is now given by the following
SNR theorem.
wherec, = 2P*1c. From (13) and (14) we get Theorem 1:The distortion exponent of the two-hop sin-
. » L o\P gle relay amplify-and-forward protocol is
. 2pBm
¢ <SNR) SFz(t) S <SNR> ; (15) ASH_1R—AMP = m, (22)

1The scalir)l(g E?ctor is 1/2 since the harmonic mean of two numbgys, Wheres,, = N, /K, and N,, is the number of the source
142

and X, is >2(1+x2- channel uses. (refer to Fig. 1)




Source transmits Relay re-transmits
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Fig. 1. Two-hop single relay system’ time frame structure. Fig. 2. Two-hopM relays system’ time frame structure.
In the sequel, we will use |
n p
Frt) = ¢ | =——= 23 —

where Z is the scaled harmonic mean of the source-
relay and relay-destination signal-to-noise ratios ansl a
constant. Although the last relation does not follow directly S
from (15) we use it for simplicity of presentation. The
analysis is not affected by this substitution as we can always
apply the analysis presented here by forming upper and
lower bounds on the expected distortion and this will yieldig. 3. Two relays source and channel encoding for (a) optimal channel
the same distortion exponent. We consider now a systé&aging diversity (b) source coding diversity.

consisting c_>f a _sourceM relay nodes and a de?‘t'nat'orbhenomena in the end-to-end distortion is source encoding
as shown in Fig. 2. TheM relay nodes amplify the yigiortion and not outage. Similarly @, increases (higher
received signals from the source and then retransmit to g, idth), for a fixegh, the performance will be limited by
destination. The destination selects the signal of the highgst ,tage event rather than the source encoding distortion.
quality (highest SNR) to recover the source signal. Th&s Bm increases, the optimum number of relays increases to

distortion exponent of this system is given by the following -ieve petter outage performance. In this case, the system
theorem. (proof is omitted due to space limitations) is said to be an outage limited system

Theorem 2:The distortion exponent of the two-hop

M relays selection channel coding diversity amplify-and3. Optimal Channel Coding Diversity with Relays
forward protocol is We consider now a system comprising a source, two

AMpBm, relays and a destination. The two blocks,, and z,,,
M(M + 1)p+ 48" (24) are constructed as shown in Fig. 3(a). The first relay will
The distortion exponent shows a tradeoff between the dnly forward the blockz,, and the second relay will only
versity and the source encoder performance. Increasing fbevard z., as shown in Fig. 4. From (9), it is straight
number of relay nodes increases the diversity of the systégaward to show that the mutual information is
at the expense of using lower rate source encoder (higherI ~log (1 N |hsri |PSNR|hy, a|*?SNR )
distortion under no outage). To get the optimal number of |hsry 2SNR+ |y a|?SNR
reIays,Mopt, note that the distortiqn exponent in (24) can , Mgy 2SN R|hy, a2SNR
bg easﬂy ;hown to bg concave in the number of relays. + log <1 + s 2SNR + IhTQAdQSNR) ;
Differentiating and setting equal to zero, we get ’ ’

P 3 where z,, and z,, are independent zero mean circularly
——Asg_mr—amp =0 — My =24/—=. (25) symmetric complex Gaussian random variables with vari-
oM p ancel/2 per dimension.

If M, in (25) is an integer number then it is the optimal We can show that the distortion exponent of this system
number of relays. If\Z,,; in (25) is not an integer, substituteis given by the following theorem.
in (24) with the largest integer that is less thMl)pt and Theorem 3:The distortion exponent of the two-hop two-
the smallest integer that is greater thafi,, and choose relay optimal channel coding diversity amplify-and-forward
the one that yields the higher distortion exponent as tigstem is 28

PPm

ASH-MR—AMP =

(26)

optimum number of relay nodes. From the result in (25) it
is clear that the number of relays decreases, for a fixgd

as p increases. For higher channel quality (high#grthe

system performance is limited by the distortion introduc
by the source encoder in the absence of outage. Then,"4dten as "

p increases, the optimum number of relays decreases to ASH _9R_OPTCH—AMP = pi""”, (28)
allow for the use of a better source encoder with lower p+ 206,

source encoding distortion. In this scenario, the systemUsing (23) and (26) and considering{/, = N, /K where
said to be a quality limited system because the dominaht’ is the number of source channel uses for the (z,)

ASH—QR—OPTC’H—AMP = (27)
Proof From [5], the distortion exponent for the optimal
eghannel coding diversity over two parallel channels can be
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where z,., is the transmitted signal from the relay node.
Note that in those schemes using decode-and-forward the
quality (mutual information) of any source-relay-destination
Fig. 4. Two-hop2 relays optimal channel coding diversity (source codingljmk 1S Ilm_lted_ by ,the minimum of the source-relay and
diversity) system’ time frame structure. relay-destination links SNRs. On the other hand, for two-

, hop amplify-and-forward schemes, the performance is lim-
block (refer to Fig. 4) we get for our system the samg.y by the scaled harmonic mean of the source-relay

distortion exponent as (28). For fair comparison with the g the relay-destination links SNRs which is strictly (if

previous schemes we should ha@#,, = 4Ny, which poih jinks are not absent) less than the minimum of the

means thatg], = 3f,,. Finally, substituting this relation , jinks SNRs. Hence, the multi-hop amplify-and-forward
in (28) yields (27 protocol has a higher outage probability (lower quality)
C. Source Coding Diversity with Relays than the multi-hop decode-and-forward protocol. That is,
We consider again a system with one source, two relaiysterms of outage probability, the multi-hop decode-and-
and one destination nodes. The source transmits two blo¢&swvard protocol outperforms the multi-hop amplify-and-
x5, andzg, constructed as shown in Fig. 3(b). Each blocforward protocol. The above argument is also applicable
represents one of the two descriptions generated by the duiatler different performance measures (for example, if the
descriptions source encoder. In this case, the two blogisrformance measure was symbol error rate). From our
are broken up before the channel encoder, that is egmesentation so far it is clear that the distortion expo-
description is fed to a different channel encoder. The firaents for multi-hop decode-and-forward schemes are the
relay will only forward the blockzs, and the second relay same as their corresponding multi-hop amplify-and-forward
will only forward z,, as shown in Fig. 4. The distortionschemes for the repetition channel coding diversity and
exponent of this system is given by the following theorensource coding diversity cases. For example, for the two-
Theorem 4:The distortion exponent of the two-hop 2hop single relay decode-and-forward scheme, the minimum
relays source coding diversity amplify-and-forward protoca@xpected distortion is given by the lower bound in (21),
is which has the same distortion exponent as the two-hop
4pBm 2pfm } single relay amplify-and-forward scheme. We collect these
3p+26m p+20m] results in the following theorem.

. . Theorem 5:The distortion exponent of the multi-hop
Proof From [5], the distortion exponent for the sourceyecode-and-forward schemes are:

coding diversity over two parallel channels can be written | o the two-hop single relay

X‘l

ASH_9R—SRC—AMP = Max [

as " " 2pBm
A - 8pB!! 4pB" Asg-1r-DEC = 5123, (32)
SH—2R—SRC—AMP 3p+4ﬁ%’p+4ﬁg, ; m
(30) o for the two-hop M relays selection channel coding
Using (23) and (26) and consideringf/, = N/ /K (refer to diversity
Fig. 4) we get for our system the same distortion exponent A _ AMpBpm, 33
as (30). For fair comparison with the previous schemes, SH-MR-DEC = 3 FM + D)p + 4B, (33)

2N, = 4N}; which leads tos!, = 10,,. Substituting this

m

equality in (30) completes the proli. « for the two-hop 2 relays source coding diversity

4B 2p0Bm l .

IV. MULTI-HOP DECODE-AND-FORWARD PROTOCOL ASH-2R-SRCDEC = Max 3p+ 26’ P+ 26m

In this section, we will analyze schemes using multi- (
hop decode-and-forward user cooperation under different
channel and source coding diversity schemes. In these cadesOptimal Channel Coding Diversity with Relays
the relay nodes decode the received source symbols. Only¥Ve consider now the use of optimal channel coding
those relay nodes that had correctly decoded the soutgigh two-relay decode-and-forward protocols. In this case
symbols will proceed to retransmit them to the destinatiahe relay will perform joint decoding of the two blocks
node. An outage occurs when either the source-relay @, and z,, as illustrated in Fig. 5, which means that
the relay-destination channel are in outage, as discussd@ten any relay decodes correctly it could forward both
in Section Il. That is, the quality of the source-relayz, andux,,. Allowing the first relay to forward onlyz,,
destination link is limited by the minimum of the sourceif it has decoded correctly will cause a degradation in
relay and relay-destination channels. For the single relgye performance if the second relay decoded erroneously.
case we can formulate the outage as Hence, if the first relay decoded correctly and the second
Poutage = Prmin(I(zs, yr, ), I(zr,,y4)) < R(D)], (31) did not, it is better (in terms of outage probability) for the
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Fig. 5. Two-hop2 relays decode-and-forward optimal channel coding
diversity system’ time frame structure.

first relay to forward bothr,, andz,,. Clearly, a similar
argument could be applied to the operation of the second
relay. Also, when both relays decode correctly, allowing the ‘ ‘ ‘ ‘ ‘
second relay to transmit alsQ, andx,, will cause a loss of w0 e
diversity. To gain both advantages (lower outage probability ’
when only one relay decodes correctly and diversity whgfd_forw
both correctly decode) we propose to use a space-time
transmission scheme. In our case we choose the Alamdigtter performance, followed by source coding diversity. We
scheme [10], with the time frame structure as shown ghowed that as the bandwidth expansion factor increases, the
Fig. 5. Then, the distortion exponent of this system is give#{stortion exponent is improved by increasing the number
by the following theorem. (proof is omitted due to spac@f relays because user cooperation diversity is the main
limitations) limiting factor. In these cases, the system is said to be an
Theorem 6:The distortion exponent of the two-hop 20utage limited system. Therefore, it is better to cooperate

relays optimal channel coding diversity decode-and-forwal¥th more relays in this case which results in minimizing
protocol is the outage probability and, consequently, minimizing the
2pBm end-to-end distortion.
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