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Abstract—In this paper, the design of distributed space-  The main problem with the multi-node decode-and-forward
frequency codes (DSFCs) for wireless relay networks employing protocol and the multi-node amplify-and-forward protocol
the amplify-and-forward (AAF) protocol is considered. The term is the loss in the data rate as the number of relay nodes

distributed comes from the fact that the space-frequency code .

is distributed among randomly located relay nodes. DSFCs are INCreases. T.he.use OT orthogonal subchannels for the relay
designed to achieve the multi-path (frequency) and cooperative N0ode transmissions, either through TDMA or FDMA, results
diversities of the wireless relay channels. We derive sufficient in a high loss of the system spectral efficiency. This leads to the
conditions for the proposed code design to achieve full diversity yse of what is known as distributed space-time coding, where
based on minimizing the pairwise error probability (PEP). We  ya|ay nodes are allowed to simultaneously transmit over the
prove that the proposed DSFC can achieve full diversity of order . .

LN, where L is the number of paths of the channel andN is same Chan_nel by em“'a“”g a 'Space-tlme qug. Several W,OH(S
the number of relay nodes, for any N and for the cases of., =1 have considered the application of the existing space-time
(flat, frequency-nonselective fading channel) and. = 2 (two-ray codes in a distributed fashion for the wireless relay network
fading channel). [3], [4]. [5].

For the case of multi-path fading channels, the design
of distributed space-frequency codes (DSFCs) is crucial to
The advent of future wireless multimedia services, requirirgkploit the multi-path (frequency) diversity of the channel. The
high signal quality and high data rate, has increased theesence of multi-paths provides another mean for achieving
attention toward the study of wireless channels. The wirelegigersity across the frequency axis. In this paper, we propose
resources, such as the bandwidth, are scarce and it is difficuidlesign for distributed space-frequency codes (DSFCs) over

to meet the high data rate requirement unless some efficiesily channels that can exploit the multi-path diversity of
techniques are employed. Spatial diversity has proved to Wieless channels. We prove that the proposed design of DSFC
an eminent candidate for achieving the signal quality and higln achieve full diversity of ordek N, whereL is the number
data rate promised by the future multimedia services. Spatiflmulti-paths per channel and is the number of relay nodes.
diversity is also of special interest as it does not increa$¥e prove the previous result for any number of relayand

the overhead in the system in terms of the bandwidth afst the cases of. = 1 (flat fading channel) and, = 2 (two-
delay. The seminal work [1] revealed the increased capacityraly fading channel).

the wireless channels by employing Multiple-Input Multiple-

Output (MIMO) channels. Il. SYSTEM MODEL

In wireless applications, it is affordable to have multiple | this section, the system model for the distributed space-
antennas at the base station but it is difficult to equip thesquency coding is presented. We consider a two-hop relay
small mobile units with more than one antenna due to Spa@gannel model where there is no direct link between the
constraints of the mobile units. Hence, the use of multiplgyyrce and the destination nodes. A simplified system model
antennas at the mobile units is limited. This gave rise to What gepicted in Fig. 1. The system is based on orthogonal
is known ascooperative diversityn which the nodes emulate frequency division multiplexing (OFDM) modulation with
a virtual multiple element transmit antenna. subcarriers. The channel between the source and-theelay

The techniques of cooperative diversity have been intrapde is modeled as multi-path fading channel witppaths as
duced in [2], where different protocols were proposed to

achieve spatial diversity through node cooperation. Among =

those protocols are the decode-and-forward and amplify-and- hs,r, (T) = ZO‘SM )s(r —m), @)
forward protocols. The amplify-and-forward protocol does not =1

suffer from the error propagation problem because the relaybere 7; is the delay of thel-th path, andas ., (1) is the

do not perform any hard-decision operation on the receivedmplex amplitude of thé-th path. Thea, ., (I)’s are mod-
signal but noise accumulates with the desired signal along #led as zero-mean complex Gaussian random variables with
transmission path. varianceF [|a.r, (1)|?] = o2(1), where we assume symmetry

I. INTRODUCTION
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set of subcarriers. In general, theth relay will only forward
[Gi((n —1)L41),---,Gi((n — 1)L + L)] for all i’s.

[G;(1),---,G;(L)] for all i's and send zeros on the remaining
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%1 on L subcarriers. For example, relay 1 will only forward
|
|
|
|
|
|

V V In phase 2, each relay node will normalize the received
Source o N ttin s?gnal on th'e subcarriers that it will forwgrd before retransmis—
ety facing channe sion and will send_zer_os on the remaining set of subcarriers.
If the k-th subcarrier is to be forwarded by theth relay,
V the relay will normalize the received signal on that subcarrier
Fig. 1. Simplified system model for the distributed space-frequency codggy the factor@(k) = m [2]. The relay nodes

will use OFDM modulation for transmission to the destination

node. At the destination node, the received signal onkthe
between the relay nodes to simplify the analysis. The chann#iissubcarrier, assuming it was forwarded by th¢h relay, is
are normalized such th@:le o%(l) = 1. A cyclic prefix is given by
introduced to convert the multi-path frequency-selective fading

: : : 1
channels to flat fading sub-channels on the subcarriers. y(k) :Hrmd(k)\/ﬁ<\/P H (

The system has two phases as follows. In phase 1, if (k)[* + No .
N relays are assigned for helping the source, the source ®)
broadcasts the information to tiérelays. The received signal VPsHg . (k)s(k) +ns.r, (k))) + 1, a(k),
in the frequency domain on thieth subcarrier at the-th relay
node is given by whereP, is the relay node powe#],., (k) is the attenuation

f the channel between theth relay node and the destination
S,T k) = P.H , k)s(k s,T ka k:L"'aKa ° . . : :
Yosra () \/» o (R)3 (k) 41, () @) node on thek-th subcarrier, and; ., (k) is the destination

where P, is the transmitted source poweH,,. (k) is the noise on thek:_-th subcarrier. Theymd(k)’s are mo<_jeled as
attenuation of the source to theth relay channel on the- Ze€ro-mean, circularly symmetric complex Gaussian random

th subcarrier,s(k) is the transmitted source symbol on thé@riables with a variance i /2 per dimension.
k-th subcarrier, and,, (k) is then-th relay additive white ||| pairwiSE ERRORPROBABILITY (PEP) ANALYSIS

Gaussian noise on theth subcarriers;, . (k) is modeled as : . .
circularly symmetric complex Gaussian random variable with In this section, the PEP of the DSFC W'th the AAF protocpl :
presented. Based on the PEP analysis, code design criteria

variance Ny /2 per dimension. The relay noise terms on the .
derived.

subcarriers can be easily seen to be statistically independ%ﬁh ved sianal at destinat theh subcarri
assuming that the noise terms at the input of the FFT at the € received signal at destination on subcarrier
relay nodes are independent. given by (5) can be rewritten as

The channel attenuation in the frequency domélp,., (k), 1
is given by y(k) _Hrn,d(k)\/ﬁ(\/P o W+ N, VP.H,,, (k)s(k)>
. k S $,Tn
Hopo () = 3 e, (e 27087 (3) * #rnalF), ©
=1

where Af = 1/T is the subcarrier frequency separationVNere z, (k) accounts for the noise propagating from the
and T is the OFDM symbol duration. We assume perfecEldy node as well as the destination noisg. (k) follows
channel state information at any receiving node but no chanfe[circularly symmetric complex Gaussian random variable

. . - " 2
information at transmitting nodes. We assume that all the nodéh a varianced? (k) of (% + 1) No. The
terms are independent for different receiving nodes. probability density function forz, 4(k) given the channel
The proposed DSFC is described as follows. The transmittetéte information (CSI) is given by

data from the source node is parsed into sub-blocks of size 1 1
NL. Let P = |K/NL| denote the number of sub-blocks p(z, a(k)/CSl) = 53 &XP (mzmd(k)z) . (@
in the transmitted OFDM block. The transmittdd x 1 SF w0z (k) 2(k)
codeword is given as The receiver applies Blaximum Likelihood ML) detector to

the received signal, which is given as

s = [s(1).5(2), -+ s(F))T @ ’ ’
= [G’{’Gg’ 7G£70£7PLN]T7 5=
K 2

where G; is the i-th sub-block of dimensionVL x 1. Zeros g pin §° 21 v (k) — VPsPrHs,rn(k‘)Hrn,d(k)S(k) 7
are padded ifK is not an integer multiple ofNL. For s = 02(k) VPs|Hy ., (k)7 + No

each sub-blockG; the n-th relay forwards only the data (8)



where then index (which is the index of the relay node) isUsing the lower bound in (13), the PEP in (12) can be further
adjusted according to the index (which is the index of the upper bounded as

subcarrier).
Now, sufficient conditions for the code to achieve full - 1 <
diversity are derived. The pdf of a received vectpr = PEP(s —8) < Eq exp ( -3 ZZ
[y(1),5(2),--- ,y(K)]” given that the codeword was trans- n=ti=t
. . . Ps
mitied is given by min <N|Hs,rn<<po ~ONL+(n=1)L+ 0P,
K 0
1
p(y/s,CSI) = <H 5 ) exp ( -5 p
moZ( o 02k T H, al(po — 1)NL + (n— 1)L+ )?
\/7 2 9 Ny
P,P.H; . (k)H,, a(k
S () ). ) )
VPIH, (P + Ny % |Gy (0 = DL +1) = Gy (0 = DL+ D))
The PEP of mistaking by s can be upper bounded as [6] (14)

PEP )< FE Al s)—1 , (10
(s = 8) = E{exp (Alnp(y/8) = Inp(y/s)D}, (10) If P. = P, and SNR is defined asP; /Ny, then the PEP is

and the relation applies for any, which can be selected tonow upper bounded as

get the tightest bound. Any two distinct codewordands =

[G1,Ga2, -, G,]" will have at least one indep, such that _ 1 X
G,, # G,,. We will assume that and§ will have only ~ PEP(s —3§) < E{ exp ( —3 ZZ
one indexpy such that(}po # G, , which corresponds to the n=11=1
worst case PEP. Averaging the PEP expression in (10) over

. 2
the noise distribution given in (7) we get i <SNR|H”“((pO ~DNL A+ (n =1L +DF,

N L
PEP(s —§) < E{ exp ( L EPDIDY ( SNRI|H,, 4((po — 1)NL + (n — 1)L + 1)|2>

n=1[=1
PS|HSM(J +(n—-1)L+ l)|2PT\H,,md(J +(n—-1)L+ l)\2
(Po|Hs i, (J + (n = 1)L+ 1)|?> + Pp|Hy, a(J + (n— 1)L +1)]?

% [Gpul(n =1L +0) = Gy (= 1)L+ z>\2>
+N°)N°> [Goulln =12 +0) = G (- 1)L+l>’2> }
(11)

whereJ = (py — 1) N L. Take A = 1/2 to minimize the upper
bound in (11), hence, we get

N L
1
2\ < 1
PEP(S—>S)E{€XP< 4;;(
Py|Hg . (J4+ (n—1)L+1)*P,|H,, a(J + (n — 1)L+ 1)|?

(Py|Hg (] + (n— D)L+ D)2 + Po|Hy, a(J + (n— 1)L+ 1)[2

(15)

A. PEP Analysis for L=1

The case ofl. equal to 1 corresponds to a flat, frequency-
nonselective fading channel. The PEP in (15) is now given

by

N
PEP(s — §) gE{exp(—;Z
n=1

min <SNR|Hs,rn((p0 — 1)NL + (n _ 1)L + 1)‘2’
+No)No> Grol(n = DL+0) = G (0 = DL +1)| >}

@2 SNR|H,., al(po— )NL + (n — 1)L + 1>|2)

Py|Hg ry, (B)> Pr|Hpyy a(F)|

At high SNR, the M7 [ P, a (k)4 No)No

Ps|Hs ., (K)|" P |H, k
be approximated b,(P |Hl - (;;)(‘Q)LP |‘Hr "dd((k)l ~; [7], which

is the scaled harmonic mean of the"source- relay and relay- (16)
destination SNRs on thieth subcarriet. The scaled harmonic
mean of two nonnegative numbets, and a5, can be upper
and lower bounded as

can

x| Gpo(n = DL +1) = Gpo((n = DL+ 1>12)

We can easily show that the random variables
SNR|H,, (k)|> andSNR|H,,, 4(k)|* follow an exponential
distribution with ratel/SNR for all k. The minimum of
< min (a1, az) . (13) two exponential random variables is an exponential random
variable with rate that is the sum of the two random variables

1The scaling factor is 1/2 since the harmonic mean of two numtierand  'ate€s.  Hence, min (SNR‘HSM( )%, SNR|H,, 4(k )‘2)

Xo, is defined asz2 152 follows an exponential distribution with rat2/SNR. The

a1a2

—minfai,a
2 1,02) > 1 )



PEP upper bound is now given by k1 # ko. Although M; and M, can be easily seen to
be marginally exponential random variables, they are not

PEP(s — §) H jointly Gamma distributed. Define the random variables
ne1 X1 = SNR|H;,, (k1)]?, Xo = SNR|H, ., (k2)|?, V1 =
1 SNR|H,, a(k1)]?, and Yo = SNR|H,, a(k2)*. Al of

. - 2+ these random variables are marginally exponential with rate
1+ {gSNR ’Gpo((” —DL+1) = Gp((n =1L + 1)’ 1/SNR. Under the assumptions of our channel model, the
(17) pairs(X;,X>2) and(Y7,Y>) are independent. Hence, the joint

At high SNR, we neglect the 1 term in the denominator qdf Obel’XQ’Yl’Yﬁ using the result in the Appendix, is
(17). Hence, the PEP can now be upper bounded as given by

N
PEP(s —§) < < SNR) % Ix1, %0, v0,v2 (1, %2, 1, Y2) =[xy, x0 (21, 22) fyyve (W1, y2)
1

_ - exp < T1+ 22 >
2 T SNR2(1 = payan) (1 = pyrys " SNR(1 = pryas
H(Gm )L+1) -G, ((n71)L+1)‘ . ( Y= Pise) (1= po1z2)
Iy ( \/ Pzixo m) exp < Y1+ Y2 >
(18) SN ( — Pz 15702) SNR( py1y2)
The result in (18) is under the assumption that the produgt( (V Purva m) U(z)U(22)U (31)U (y2),
I, ]G,,O n—1)L+1)—Gp((n—1)L+ 1)) is non- Punsz) (20)
zero. Clearly, if that product is non-zero, then the system
will achieve a diversity of orderVL, where L is equal to

1 in this case. From the expression in (18) the coding gal

of the space-frequency code is maximized when the prod$¢
P q 4 p Pz,a, 1S the correlation coefficient betweeX; and X, and

N
Mins/5 Hn=11j Gpo((n=1)L+1) = Gpy((n = 1)L + 1)‘ is similarly, p,,,, is the correlation coefficient betweén and
maximized. This product is known as the minimum produgt,

distance [8].

erely(-) is the modified Bessel function of the first kind of
ger zero andJ(-) is the Heaviside unit step function [10].

The joint cumulative distribution function (cdf) of the pair
B. PEP Analysis for L=2 (M1, M) can be computed as

The PEP in (15) can now be given as

1N
PEP(saé)SE{exp(SZ

n=11

2 FIMI;MQ(m17m2)AP [M < my, My < mo]
Z = n (X1,Y1) <my,min (Xp,Ys) < my)

mi mo
1
= / / / / le,X2(~T1,$2)
Y1 T1=Y1 Y Y2 T2=Y2

min | SNR|H, ., ((po — 1)NL + (n — 1)L +1)|?,
( " Iyive (W1, y2)dyrday dyaday

mo
B B 2 +2/ / / / (21, 22)
SNR|H,, a((po— )NL + (n 1)L+l)|> Y N Y A

fyive (1, y2)dyrdardaadys,
- 2 21)
% |G (0 = DL +1) = G (0 = DL+ D[ ) b, (

(19) where we have used the symmetry assumption of the
whereL = 2. The analysis in this case is more involved sincgource-relay and relay-destination channels. The joint pdf of
the random variables appearing in (19) are correlated. Sign&lé1, M2) can now be given as
transmitted from the same relay node on different subcarriers
will experience correlated channel attenuations. As a first step 9?
in deriving the code design criterion, we prove that the channelid Az (M1, m2) = WFMl,Ma (ma,ma)
attenuations|H .., (k1)|? and |Hy ., (k2)|* for any ky # ks,
have a bivariate Gamma distribution as their joint pdf [9]. = 2fv;,v, (1, m2) / / [x,x, (21, 22)dz1d2s
The same applies folH,., 4(k1)|*> and |H,., 4(k2)|? for any Fr=mL w2 =me

k1 # ko. The proof of this result is given in the Appendix. / / Ix1.5 (21, m2) fyy v, (M1, yo)dz 1 ds.
To evaluate the expectation in (19) we need the ex- z1=m1 Jys=m;
pression for the joint pdf of the two random vari- (22)

ablesM; = min (SNR|H,,, (k1)|?, SNR|H,,, 4(k1)|*) and
My = min (SNR|H; ., (k2)|?, SNR|H,, 4(k2)|?) for some To get the PEP upperbound in (19) we need to calculate the



eXpeCtation o BPSK modulation, two relays, L=2, delays=[0, 5usec]
10 T T T T

1
E{exp(
8 107

(302 ]@th) = Gl + 312 @) — G| ) )}

) o) 1 ~ 2
= / / exp < - = <m1 ’G(kl) — G(kl)) +ma i
mI:O m2:U 8 2

‘G(Iﬁ) — G(ky) ’2 ))fMl,Mg (m1, mg)dmydma.

—©— AAF (all channel variances are ones) - N
(23) " —#— DAF (all channel variances are ones) ’v* e
10 | — © — AAF (relays close to destination) SEERE SN
25 — % — DAF (relays close to destination) \\q?
. Pz ; ; -0 - AAF (relays cl -
At high enough _SNR[_O(MVWWQ IS approxi- . DA (elays close to source) =l
mately 1 [10]. Qsmg this approxmatlon, the PEP upper bound 107 : i 1 v
can be approximated at high SNR as SNR (dB)
2N ~ 2 o Fig. 2. SER for DSFCs for BPSK modulatioh=2, and delay=[0, psec]
PEP(s —8) < <H ’Gpo (m) — Gy, (m)’ ) versus SNR. o ’
m=1 (24)
« i(l _ p)SNR N is K = 128 with a system bandwidth of 1 MHz. We use BPSK
16 P ’ modulation and Vandermonde based linear transformations.

Fig. 2 shows the symbol error rate (SER) of the proposed
. - 2" DSFCs versus the SNR defined aVR = Lt and
when the producl ], _, ‘GPO (m) — Gy, (m)’ IS NON-zZ€ro. we useP, = P,, i.e., equal power allocation between the
The coding gain of the space-frequency code is maximizedurce and relay nodes. We simulated three cases: all channel
when the productmingzs T, )Gpo(m) ~ G, (m)‘Q is variances are ones, relays close to source, and relays close

m=1

maximized. to destination. For the case of relays close to source, the
The analysis becomes highly involved for ahy> 3. It is variance of any source-relay channel is taken to be 10 and

very difficult to get closed form expressions in this case due fge variance of any relay-destination c_:hapnel Is take.n to be
the correlation among the summed terms in (15) for which Ho For the case of relays c_Iose to destination, the variance of
closed-form pdf expressions, similar to (20), are known [11§1Y Source-relay channel is taken to be 1 and the variance
We will use a linear mapping to form the transmitte®’ any relay—destmatloq channel is taken to.be 10. Fig. 3
subblocks, that i€ = V y1 . vsc, Wheresg is the NI x 1 shows the case of a simple two-ral, = 2, Wlth a delay
data vector transmitted in the subblo€k s is from QAM ©f 7 = 20usec between the two rays. The simulation setup
or PSK constellation. It was proposed in [12] and [13] t& the same as that used in Fig. 2. From Figs. 2 and 3, it is
use both Hadamard transforms and Vandermonde matrice$'gf" that DSFCs with the DAF protocol and DSFCs with the
design the V1 nz Matrix. The transforms based on thd\AF protocol ach|eve_ the same diversity order. DSF_Cs with
vandermonde matrices proved to give larger minimum proddte DAF protocol achieve better SER performance since they

distance than the Hadamard based transforms. Two classed@¥/er @ less noisy code to the destination node as compared
optimum transforms were proposed in [12] as follows to DSFCs with the AAE protocol, where noise propagation
k . . results from the transmissions of the relay nodes. Although
1) If NL = 2% (k > 1), the optimum transform is ith th h b f
iven by Vo, = —-vandeté,.o O1), where DSFCs with t e DAF protocol have a better SER per ormance,
9 opt VNL Y T PR UNLE DSFCs with the AAF protocol have the advantage of requiring
01,0, ....0n, ared, =e/=v™, n=12,..,NL  simple processing at the relay nodes. The DAF based DSFCs
2) If NL = 32" (k 2 0), the optimum transform is require the decoding of the received source signal while the
given by Vo, = —=vande(t,0,....0n1), where AAF based DSFCs require only scaling of the received source

s6n—1 H
01,605, ....0n§r ared, =els5vc™, n=1,2,..,NL. signal.

wherep = py,2, = pyry.- Again, full diversity is achieved

IV. SIMULATION RESULTS V. CONCLUSION

In this section, we present some simulations for the pro- In this paper, a design of distributed space-frequency codes
posed distributed space-frequency code. We compare the pexs proposed for the wireless relay network employing the
formance of the proposed codes to the DSFC with the decoa@eaplify-and-forward protocol. We derive sufficient conditions
and-forward (DAF) protocol proposed in [14]. Fig. 2 shows$or the proposed code structure, based on the PEP analysis,
the case of a simple two-ray, = 2, channel model with a to achieve full diversity and maximum coding gain. We prove
delay ofr = 5usec between the two rays. The two rays havéhat the proposed codes can achieve full diversity of ofd€r
equal powers, i.eqg2(1) = ¢2(2). The number of subcarrierspromised by the multi-path and cooperative diversities of the



BPSK modulation, two relays, L=2, delays=[0, 20usec]
10 T T T T

SER

[T p— (-t
X1,X X1, X2) =7 E&Xp | =7
e 1- Pz 1- Pzizo

I (W\/ﬁ) U(z1)U(z2),

1- Pzizo

(28)

wherely(+) is the modified Bessel function of the first kind of
order zero andJ/(-) is the Heaviside unit step function [10].
Pe.x, IS the correlation betweeltl, . (k;)|* and|H, ., (k)|

—6— AAF (all channel variances are ones) * ONE
—%— DAF (all channel variances are ones) :
— © — AAF (relays close to destination)
— % — DAF (relays close to destination)
++-O - AAF (relays close to source)
% - DAF (relays close to source)

I I

; .
0 5 10 15
SNR (dB)

Fig. 3. SER for DSFCs for BPSK modulatioh=2, and delay=[0, 2@sec]
versus SNR.

wireless relay channel, for the special caseslL.oE 1 and
L=2.
(1]

(2]

APPENDIX

Consider the two random variabledi,, (k;) and
Hs ., (k2), we will assume without loss of generality that
71 = 0, i.e,, the delay of the first path is zerdl, , (ki)
is given by

Hs,rn (kl) _ as,rn(l) 4 as’rn(Z)e_jQﬂ'(kl—l)AfT2
=R (Hsmn(kl)) +JS (stn(kl)) )

whereR(x), and(«) are the real, and imaginary parts of
respectively. From (25) we have

R (Hs,r, (k1)) = R(as,r, (1) + R(as,r, (2))

cos(2m(k1 — 1)Afr) + (s, (2)) sin(2m(kr — 1)Af1s)

S (Hs,r, (k1)) = S(as,r, (1) + S(as,, (2))

cos(2m (k1 — D)Af1e) — R(as r, (2)) sin(2m (k1 — 1) A fro).
(26) @

Based on the channel model presented in Section Il both
R (Hs,r, (k1)) and S (H, ., (k1)) are zero-mean Gaussian ]
random variables with variance/2. The correlation coeffi-
cient, p,;, betweenR (H, , (k1)) and 3 (H, -, (k1)) can be
calculated as (10

pri = EAR (Hoyr, (k1)) S (Hy.r, (k1))} = 0. -

Hence,H; . (k1) is a circularly symmetric complex Gaussiari2]
random variable with variance/2 per dimension and the same
applies forH, .. (k2). To get the joint probability distribution [13]
of |H,, (ki)|* and |H,,,, (k;)|>, we can use the standard
techniques of transformation of random variables. Using trans-
formation of random variables and the fact that bBt).., (k1) [14]
and H, ,, (k2) are circularly symmetric complex Gaussian
random variables, it can be shown th&; = |H5,,«n(lc1)|2

and X, = |H, ., (ky)|* are jointly distributed according to a
bivariate Gamma distribution with pdf [9], [11]

(25)

(7]

(27)

1
Pz1,ze = 2 +202(1)0%(2) cos(2m(ky — k1) AfTs),

and it can be calculated as

COV(Xl, XQ)
VVar (X;) Var(Xy)

Pzy,xe =

(29)

Following tedious computations, it can be shown that

(30)

where the last equation applies under the assumption of having
o%(1) + 02(2) = 1 and both,c?(1) ando?(2), are non zeros.
From (30) it is clear thad < p,, 5, < 1.
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