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Abstract—Non-orthogonal multiple access (NOMA) is widely
recognized for enhancing the energy and spectral efficiency
through effective radio resource sharing. However, uplink NOMA
systems face greater challenges than their downlink counterparts,
as their bit error rate (BER) performance is hindered by an
inherent error floor due to error propagation caused by imperfect
successive interference cancellation (SIC). This paper investigates
the BER performance improvements enabled by reconfigurable
intelligent surfaces (RISs) in multi-user uplink NOMA trans-
mission. Specifically, we propose a novel RIS-assisted uplink
NOMA design, where the RIS phase shifts are optimized to
enhance the received signal amplitudes while mitigating the
phase rotations induced by the channel. To achieve this, we first
develop an accurate channel model for the effective user channels,
which facilitates our BER analysis. We then introduce a channel
alignment scheme for a two-user scenario, enabling efficient
SIC-based detection and deriving closed-form BER expressions.
We further extend the analysis to a generalized setup with an
arbitrary number of users and modulation orders for quadrature
amplitude modulation signaling. The analysis is also extended to
consider imperfect channel state information (CSI) knowledge
and the multi-antenna base station (BS) cases. Using the derived
BER expressions, we develop an optimized uplink NOMA power
allocation (PA) scheme to minimize the average BER while
satisfying the user transmit power constraints. It will be shown
that the proposed NOMA detection scheme, in conjunction with
the optimized PA strategy, eliminate SIC error floors at the base
station. The theoretical BER expressions are validated using
simulations, which confirms the effectiveness of the proposed
design in eliminating BER floors.

Index Terms—Bit error rate, power allocation, reconfigurable
intelligent surfaces, uplink NOMA.

I. INTRODUCTION

In recent years, there has been a pressing demand for high-
data-rate communications which requires efficient utilization
of the wireless resources. To address this challenge, non-
orthogonal multiple access (NOMA) has been proposed as
a revolutionary multiple-access technique that can in theory
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enhance the spectral efficiency. As a result, NOMA has gained
significant attention from both academia and industry and
is regarded a key candidate for future sixth-generation (6G)
networks and beyond [1]-[3]. NOMA is categorized into
two main schemes: power-domain NOMA and code-domain
NOMA. In the former, users are assigned different power
levels based on their channel conditions to the base station
(BS), while in the latter, each user is assigned a unique
code as a signature. This paper focuses on power-domain
NOMA, where multiple devices share the same time-frequency
resource block with different power levels, and successive
interference cancellation (SIC) is employed at the receiver to
effectively decode the signals [4].

Likewise, reconfigurable intelligent surfaces (RISs) have
emerged in recent years as smart technology capable of
improving the quality of wireless communication links [5]-
[9]. An RIS typically consists of a large number of low-
cost, tunable passive elements that can adjust the amplitudes
and phase shifts of incident waves, effectively reflecting or
refracting them toward the receiver. The key advantage of RISs
lies in their ability to customize the wireless channel to support
various critical features, such as signal enhancement and
interference mitigation. Consequently, the integration of RISs
into diverse wireless systems has been extensively studied in
recent literature. For example, in [10], the authors developed
alternation minimization algorithms to minimize the total
transmit power by jointly optimizing the active beamforming
at the BS and the passive beamforming at the RIS. In [11],
the maximization of the energy efficiency (EE) of RIS-assisted
downlink systems was considered. Furthermore, in [12], a joint
power and user association scheme was proposed for a multi-
RIS-assisted multi-BS system using mm-Wave. Other applica-
tions of RISs span various topics in wireless communications,
such as physical layer network coding [13], unmanned ariel
vehicles (UAV) communications [14], collaborative jamming
and anti-jamming networks [15], and throughput and energy
efficiency optimization for uplink NOMA networks [16].

A. Related work

Since NOMA is capable of approaching the boundary of the
capacity region, multiple works in the literature have studied
the integration of NOMA in RIS-enabled systems as a win-win
solution [17], [18]. In the following, we provide a review of
the literature focusing on the performance analysis of uplink
RIS-NOMA systems.

The authors of [19] studied the outage performance of
a simplified RIS enabled uplink two-user NOMA system.



Specifically, they derived approximate analytical expressions
for the received powers of the NOMA users as Gamma random
variables (RVs) using the method of moment matching, which
resulted in tractable expressions of the outage probability
with SIC. In addition, the study in [20] analyzed the outage
performance of a RIS-assisted two-user uplink NOMA system,
which divided the RIS elements into two groups to improve
each user’s signal. By approximating the received powers as
Gamma RVs, they derived outage probability expressions for
uplink NOMA signaling using SIC. The authors of [21] inves-
tigated downlink and uplink RIS-aided NOMA and orthogonal
multiple access (OMA) systems, where an RIS is applied to
enhance the coverage for a cell-edge user communicating with
the BS. Closed-form expressions for the outage probability
and ergodic rate under Nakagami-m fading have been derived.
Using asymptotic approximations in the high signal-to-noise-
ratio (SNR) regime, it has been revealed that there is a diversity
order that depends on the number of RIS elements and fading
parameters, while the high SNR slope is unaffected. In [22],
the authors studied the symbol error rate (SER) performance
of simultaneously transmitting and reflecting reconfigurable
intelligent surface (STAR-RIS)-aided uplink NOMA, where
the phase shift and amplitude parameters were adjusted based
on distance-maximizing constellation scaling and rotation to
enhance the SER performance of the system. However, closed-
form SER expressions were not derived in [22] as the ex-
pressions are given by K-fold integrals. Finally, the authors
of [23] investigated the ergodic sum-rate of the STAR-RIS-
assisted uplink NOMA under channel estimation errors and
hardware impairments, where upper bounds were derived for
perfect and imperfect SIC-based decoding.

On the other hand, the analysis of RIS-enabled downlink
NOMA systems has also been investigated in the literature.
However, most of the existing work focused on the analysis
of ergodic capacity and outage probability, such as [24]-[28],
although the error rate analysis is the most revealing metric
of the system performance. Few other works have studied the
error rate analysis of downlink RIS-NOMA systems to fill
this gap [26], [29]-[31]. Nevertheless, the existing works have
focused on downlink scenarios under restrictive assumptions,
such as fixed numbers of users or low-order modulation
schemes. For instance, some studies addressed only specific
cases like four-user binary phase shift keying (BPSK) systems
[26], approximated error performance through union bounds
without accurately capturing SIC error propagation [30], or
limited their analysis to two-user constellations with only
quadrature phase shift keying (QPSK) and BPSK [29].

Downlink RIS-NOMA approaches overlook the general
uplink case, where SIC errors depend critically on individual
users’ channels and directly contribute to bit error rate (BER)
floors. In downlink RIS-NOMA, user signals are superim-
posed at the BS and pass through the same channel to all
users, forming a structured constellation without error floors.
However, in uplink RIS-NOMA, signals traverse different user
channels before reaching the BS, causing stronger inter-user
interference at high SNR and leading to BER floors. This gap
motivates the need for a comprehensive BER analysis and
optimization framework for uplink RIS-NOMA that accom-

Our work  [19] [20] [21] [22] [23]

RIS-NOMA v v v v v v
Uplink v v v v v v

BER analysis v X X X X X
Arbitrary # of users v X X X X X
Arbitrary Mod. orders v X X X X X
BER-based uplink PA v X X X X X

Table I: Distinguishing the work in this paper from other existing
works in the literature

modates arbitrary modulation orders and user numbers.

B. Motivations and Contributions

From the literature review, it is evident that most of the
existing works have focused on the analysis of the achievable
rate and outage capacity of RIS-enabled uplink NOMA sys-
tems. To the best of the authors’ knowledge, the investigation
of reliability metrics, such as BER, has not been considered in
the literature. Studying the BER performance analysis is in-
dispensable for characterizing the reliability of communication
systems, as it helps to predict the error rate of the received
data, which has a direct impact on the effective throughput
of communication links. Therefore, to bridge this clear gap in
the literature, this paper provides a comprehensive study of the
BER performance limits of uplink RIS-NOMA systems under
imperfect SIC. Similar to existing literature [19], [20], [23],
[30], the RIS is partitioned into K partitions, where K is the
number of users, and each partition is assigned to a certain
user. Then, the phase shifts of each RIS partition are adjusted
to maximize the effective channel of the corresponding user.
This partitioning technique allows us to statistically model the
effective channels of the users which is required to derive the
average BER analytical expressions.

The key contributions of this work are summarized as
follows:

e A detailed and accurate statistical modeling of the ef-
fective channels of the users is introduced under Ricean
fading based on dividing the RIS panel into K partitions
and assigning each partition to a certain user. The de-
terministic line-of-sight (LoS) components of the Ricean
channels are even accurately described to capture the
elevation and azimuth angles of each user to the RIS and
the LoS of the RIS-BS link.

e A novel channel alignment scheme is then devised to
align the effective channels of the users on the real axis
to eliminate the relative phase shifts between the effective
channels of the users. This allows for the construction of
a simple and tractable SIC-based detection of the users’
symbols at the BS. The proposed channel alignment
facilitates the BER performance analysis of the two-user
uplink RIS-NOMA scenario.

o An extension of the BER analysis is conducted for
the case of arbitrary number of users and quadrature
amplitude modulation (QAM) modulation orders, pro-
viding valuable insights on the achievable performance
of the RIS-NOMA system. This is done by devising
an algorithm that computes the coefficients of the BER
expressions for any system with arbitrary parameters.



Figure 1: RIS-enabled uplink NOMA system model

o The BER analysis is further extended to consider the
imperfect channel state information (CSI) knowledge and
the multi-antenna BS cases.

« A power allocation (PA) scheme that utilizes the derived
BER expressions is devised to eliminate the BER floors,
by minimizing the average BER of all users subject to
individual uplink transmit power constraints for the users.

« Simulation results verify the accuracy and effectiveness of
the proposed closed-form generic analytical BER expres-
sions. The results also reveal the efficacy of the proposed
PA scheme, showing that it completely eliminates the
BER floors. Moreover, we compare RIS-NOMA systems
with the equivalent RIS-OMA counterparts. The results
confirm the superiority of RIS-NOMA over RIS-OMA
across all scenarios and all SNR values when both
systems maintain the same channel estimation overhead
for a fair comparison.

Finally, Table I explicitly contrasts our contributions to the

existing works on RIS-NOMA in the literature.

C. Organization and Notations

The rest of the paper is organized as follows: In Sec. II,
the RIS-enabled uplink NOMA system model is presented.
The statistical modeling and channel alignment of the RIS
uplink channels is presented in Sec. III. In Sec. IV, we present
the BER analysis of the two-user uplink RIS-NOMA system,
whereas the analysis is extended in Sec. V for the generalized
system with an arbitrary number of NOMA users and arbitrary
modulation orders. An optimized uplink PA scheme for the
uplink RIS-NOMA system is discussed in Sec. VIII. The
simulation results and discussion are given in Sec. IX, while
the conclusions of this work are presented in Sec. X.

Notations: The bold lowercase letters are used to define
vectors, while the bold uppercase letters are used to define
matrices. The symbols ||, Re(-), TJm(-), arg(-), and (-)*
denote the absolute, real, imaginary, angle, and conjugate of a
complex number, while j’ = \/—1 is the imaginary number.

II. SYSTEM MODEL

As shown in Fig. 1, we consider an uplink RIS-enabled
NOMA system that contains a single antenna BS, an RIS

with L reflectors, and K single antenna users, where the ¢th
user is denoted by U;. In our proposed design, we assume
that the RIS is divided into separate K partitions, denoted
as Py, P, -+, Pk, where partition P; is assigned to U; and
contains L; reflection elements of the RIS, i.e., Zle L, =1L.
The RIS phase shifts of each partition are adjusted to align
the channels of the corresponding user so that the received
signal components of each user are coherently added at the
destination. As shown in Fig. 1, the channel vector from U;
to its associated RIS partition, P;, is denoted as h;; € CFi*1,
On the other hand, the cross channel vector from U; to the
partition P; is denoted as h;; € CLi*!. Moreover, the channel
vector from the ¢th portion, P;, to the BS is denoted as
g; € CL*1 while the direct link from U; to the BS is v;.
Therefore, the received superimposed NOMA signal, y, at the
BS can be expressed as

K K ‘

y= Zi:l Vi, (Zj_l Viihi;©;g; + nﬁ'“vi) zi+n,

(1
where P; denotes the transmit power of U,;, 7, represents
the overall path loss of the cascaded channel, i.e., user-
RIS-BS link, and ®; is a diagonal matrix whose diago-
nal elements are the P; reflection coefficients, ie., ®; =
diag{ej'9f=1,ej'91=2, .. .,ej/ej*LJ‘ }, with 6;; representing the
phase shift introduced by the lth reflecting element of P;.
The term x; € C denotes the transmitted modulation symbol
of U;, drawn from a QAM alphabet, X;, where the cardinality
of X; is the QAM modulation order of U;. The real and
imaginary components of x; can take values from the set
{&1,43,...,+v/M; — 1} in the square QAM case, while
in the rectangular QAM case, the real component can take
the values {£1,43,...,+v/2M; — 1} while the imaginary
component has the values {£+1,+3,...,4+/M;/2—1}, where
M; is the modulation order of U;. The scaling factor, f3;, is
used to normalize x; to unity, where it can be expressed as
&z% (M; — 1) in the case of the square QAM. The parameter,
1 = Nu,,1M1,B, in (1) is the overall path loss of the U;-RIS-BS
link, where 1y, ; = d(}jjj, N1,B = d;}g; dy, 1 is the distance
between the 7th user and RIS, d; p is the BS-RIS distance,

where v is the path loss exponent of the wireless links of
dir

the RIS. 7d*=d;;" ;5 is the path loss of the direct link of U;,
where dp, ps is the distance between U; and the BS, and 1
is the path loss exponent of the direct links. The additive white
Gaussian noise at BS is denoted by n, and it is modeled as
a complex Gaussian RV with zero mean and variance of o2
per complex dimension, i.e., n ~ CN(0,202). The direct links
are modeled as Rayleigh fading channels, thus v; is a complex
Gaussian RV, i.e., v; ~ CN(0,1). The channel vectors g; and
h;;, Vi, j are assumed to be Ricean fading channels, and they
can be expressed as

hi; = /Ki/Kk +1h[P% +

thOS, (2)
g] — KQ/K2+1gJLOS + 1/K2+1g§VLOS7 (3)
where K7 and K5 denote the Ricean factors, hiLj"S and gjLOS
are the LoS components, and h}y“°% and g}**S are the
non-LoS (NLoS) components of h;; and g;, respectively.

The elements of thOS and gj»v LoS are independent and

VK +1



identically distributed (i.i.d.) complex normal, CN(0, 1), RVs.
Let us assume that the RIS is located in the z—z plane
and is composed of L = L, X L, antenna elements, where
L, = 2Em+1 and L, = 2Zz+1. The antenna spacings along
the two directions are denoted by d, and d,, respectively.
Thus, the deterministic LoS components of the channel vectors
can be expressed as

- - T
_i2n R c2m A
aLOS (\1179) |:€ J 5 Nedy Coa\I/me7 L ,€J ~ Nzdy COb\I/bIHQ:|

“4)

where ac{h;;,g;}, and ¥ and  denote the azimuth and
elevation angles of the receiver with respect to the x—z plane,
respectively.

The BS is assumed to have CSI knowledge of the cascaded
channel vector h;; o g;, Vi [32]-[34], so that the phase shifts
of the RIS reflection elements can be configured to reflect
incident signals with concentrated beams towards the BS. It
should be noted that there is no need for the estimation of the
channels of all RIS elements to the users, i.e., knowledge of
the cross channel vectors, h; ;,Vi # j, is not required. Since
the ith user, U, is assigned a separate partition of the RIS, P;,
the phase shifts of P; are adjusted to maximize the reflected
signal from P; at the BS. However, U; signal reflections from
other RIS partitions, P;, Vj # i, are considered random signal
reflections, since the phase shifts of these partitions are not
adjusted to the U; channels. Therefore, two signal components
of U, are received at the BS, namely, the optimized component
and the random component. To maximize the reflected signal
component of P; received at the BS, the adjustable phase shifts
of P; are setas 6, ; = —(arg(hs;1)+arg(gi)), Vi=1,...,L;,
where 0;; is the phase shift of the Ith reflection element of
Pi, and hy; and g;; are the [th elements of h and g,
respectively. As a result, the total received superimposed signal
at the BS can be written as

K

K
_ § ’ . E . dir,, . .
Yy = =1 (711 + =1t Yij T A/ M Uz) x; +n, (5)

where ~;; is the optimized component of the RIS effective
channel of the ith user, reflected from its allocated partition,
P;, which can be expressed as

L;
Yii = / Fini/g; lellhn‘,z gl (6)

The terms, v;;=+/Fini/s:7;;,Vj#i, are the random compo-
nents of the RIS effective channel of user 7, reflected from the
other users’ partitions, P}, Vj#4, where 7;; is the normalized
random component and can be expressed as

-~ L _./ . . . . . .
Fij =Y, higalggale™ ) i G G (T)

where h;;; is the Ith element of h;;, and g, ; is the Ith element
of g;. It should be noted that we order the users based on
their distances to the RIS for SIC ordering. The effective
channel power levels of the users mainly depend on the
optimized components +;;, and due to RIS channel hardening,
SIC ordering based on the distances will be violated with

only low probability. Moreover, the proposed PA in Sec. VIII
ensures sufficiently distant received signal powers, keeping the
probability of instantaneous SIC ordering violations very low.

In the next section, we provide an accurate statistical mod-
eling for the RIS effective channels and a channel alignment
scheme to align the effective channels of the users. This will
be used to derive closed-form average BER expressions in the
subsequent sections.

III. STATISTICAL MODELING AND ALIGNMENT OF THE
RIS EFFECTIVE CHANNELS OF THE USERS

In this section, accurate statistical modeling is derived for
both the optimized component, ~;;, and the random com-
ponents, 7;;, of the RIS effective channel of the ith user.
Moreover, a channel alignment scheme is devised to align
the effective channels of the users to the zero axis, which
later facilitates simple detection and the BER derivations. The
statistical models of the channel components derived in this
section will be used in Sec. IV and Sec. V for the calculation
of the unconditional average BER of the users at BS.

A. Statistical modeling of the effective channels of the users

The optimized component, v;;, is a summation of cascaded
ii.d. Rayleigh RVs, as in (6), which can be modeled as a
Gamma RV using moment matching according to the casual
form of the central limit theorem (CLT) [20], [35].! Since
both h;;; and g;; in (6) are independent non-central complex
Gaussian RVs, their envelopes are distributed as Ricean RVs.
The mean value of a Ricean RV is given as [36]

KURice = T/ 7r/2£1/2(—1/2/20'2), ®)

where v=1+/K/(k+1) is the amplitude of the LoS component
of the Ricean channel, 0?=1/(2(k+1)) is the variance per
dimension of the NLoS component, and £,(-) denotes a
Laguerre polynomial. Hence, the mean value of ;; can be
derived using the mean formula of the Ricean RV [36] as

P
Bi

N\ Bi(K+1)(Ka+1)
XgLi£1/2(—K1)£1/2(—K2)- 9

E(vi) = LiE(|hii ||,

Moreover, the variance of the product of two Ricean RVs,
|liii]]gi1], can be calculated as

Var(|hiillgiil) = E (|hiidl*) E (9:4]%) —E(|hiid|)*E(lgi])
1

2
™
=1 —— — 2 (—K1)L?,(—K>),
(K14+1)(Ky+1) 16 /2= KLy (=)

where E (|hi¢,l|2) =E (|gi_,l|2) =12 4+ 202=1. Thus, the vari-
ance of ~y;; can be given as Var(y;;) = %Li\/arﬂhii’l l1gi.1])-
Let us define the scale and shape parameters of the equiv-
alent Gamma RV by ( and N, respectively. Then, v;; has a

(10)

'Tt should be noted that the sum of the RIS cascaded channels, modeled as
the sum of i.i.d. double Ricean/Rayleigh processes, is tightly approximated
by a Gamma random variable obtained via moment matching. This is indeed
a well-established approach reported in the literature [19], [20], [24], [30],
[35].



mean value of N¢ and a variance of N(? [36]. Therefore, by
equating the mean and variance of +;; to the mean and variance
of the Gamma RV, both the scale and shape parameters of the
Gamma RV can be derived as

N; = ]E("/ii)z/Var('yii). (11

Finally, the characteristic function (CF) of ;; can be given as
(D’Y”(Z) = (1 - ]/<7Z

Now, we derive the statistics of the random components of
the effective channels, «;;. To calculate the first and second
moments of NRe(7;;) and Tm(7;;), we substitute h;;; in (7)
by using its LoS and NLoS components as

Qﬁ — Val‘(')’ii)/]E(’Yii)?

)y (12)

L; . o B
1|gj,l|(01€J Xt -I-CQhZfOSe J arg(h]1,1)>’ (13)

Yij ::jizl:

where ¢;=1/ %, Co= ﬁ, X1= —arg(hjj,l)+¢fj?ls and
¢1%7 is the phase shift of the LoS path from user i to
the Ith element of P;. Given that hY}°% is a zero mean
complex normal RV, and x; can be modeled as a Von-Mises
distribution, the expected value of the real part of the [th term
of 7;; can be expressed, using the trigonometric moments of
the Von-Mises distribution derived in [37, Sec. 3.3 and Sec.

3.4], as

E(Re(7ij,1)) = c1E(|g;.11)E(cos x1)

™ Il(Hl)
~ 1y L1 o (— K
R Ty ey R E L)y ey

cos (o177 =7,
(14)

where [,(-) is the modified Bessel function of order n,
and k; is the concentration parameter of the Von-Mises
RV, where it can be calculated by numerically solving
Li(r1)/1o(k1)=+/K1/K1+1 [37]. Similarly, E(Jm(%;;)) has a
similar expression as in (14) except that the cos function needs
to be replaced by sin. Thus, E(Re(7;;)) = ZILZJI E(Re(Hij,1))-

Given that Re (h[}[% ) has zero mean and is independent
of x;, the second moment of fRe(7;;,;) can be given, using the
trigonometric moments of the Von-Mises distribution [37], as

~ 05 2
E(Re(Fi0)?) = E(lg52)E (¢ cos® x + e (hi40%)?)

2 2

] I5(k1) LoS _ 1 LoS €
~ 1 2(pLosS _ plLe + 15
2 ( IO(/fl) COS( ( 17,1 33,0 )) 9 ’ ( )

where E(|g;|?)=1. Therefore, the variance of fRe(7;;) can be
given as

Var(Re(Fi;)) = Y

A weighted sum of ii.d. RVs can converge to a Gaussian
if the Lindeberg condition is satisfied, which states that the
weights are not dominated by a few terms, i.e., no single
weight is too large. This is our case in (13) since the weights,

L;

L E (Re(Fij1)?) —E(Re(Fi50))*. (16)

ij,l Jgt
which ensure that their real and imaginary parts are bounded
numbers from —1 to 1. Thus, both Re(7;;) and IJm(7;;) can

exp q—{’ (gZ)LOS —pLos )), are unit-modulus complex numbers,

be modeled as Gaussian RVs using CLT under the Lindeberg
condition. Hence, the CF of PRe(v;;) can be expressed as

Bore(rs,)(2) = exp (j’ugge(%j)z _ ag%(w%) Can
where  pime(y,) =/ P/ E(Re(yi;))  and Ug%(%‘j)
Pimi/g,Var(Pe(7;;)) are the mean and variance of FRe(y;;),
respectively.

B. Channel alignment scheme for the users’ effective channels

In this subsection, we present an approach to align the
overall effective channel of each user to the real axis by
canceling the relatively small imaginary random components
of the channel. This alignment scheme facilitates the efficient
and simple detection of the uplink transmit data symbols of the
users since it allows for simpler decision regions and decision
thresholds. Moreover, obtaining closed-form expressions for
BER becomes feasible using the proposed channel alignment
scheme, since the received signal constellation of the super-
imposed NOMA symbols at the BS becomes a QAM-like
constellation, allowing tractable BER analysis.

To align the effective channels of the users in (5), let us
define the angles, «;,Vj € {1,..., K}, as two control angles
at the RIS. Specifically, «; is set to control the RIS partition,
P;, by rotating all its elements by the same value of «;.
Therefore, the received superimposed NOMA signal at the BS
can be expressed as

K K i’ ir

The angles «;,Vj are set so that they cancel the imaginary
components of the overall effective channels of all the users,
hff ,Vie{l,..., K}. Hence, o,V are calculated by simul-
taneously solving the following equations

K M .
Jm (\/Ezj_l Jije! v+ ng“vi) =0, Vie{l,...,K},
(19)
where the system of equations in (19) consists of K nonlinear
equations in K unknown angles, «;,Vj. To solve (19), the
system of equations is transformed to a least-squares uncon-
strained minimization problem, as

2
Zil <jm (Zil %'jej,aj>> '

Problem (20) can be solved using one of the standard nonlinear
optimization solvers, such as the trust-region algorithm [38],
[39] or the well-known Levenberg—Marquardt algorithm [40]
using a selected initial point. For problem (20), our simulations
confirm that choosing all zeros for the angles, ay, as an initial
point always converges to a stationary minimal point of (20),
where the value of the objective function is zero. Alternatively,
the standard MATLAB numerical solver, fsolve, can be used
to solve the nonlinear system of equations in (19).

Since the optimized components, 7;;, Vi, have much higher
magnitude than the random components, ;;, Vi # j, the solu-
tion for (19) would normally have small values for o, V5. In
other words, the overall effective channels of the users can be

min
Yy, 00K

(20)



aligned by adding a slight phase rotation to each RIS partition,
which allows the large optimized channel components, ~;;, V4,
to dominate the small random components, v;;, Vi # j. Thus,
the overall effective channels of the users, hff f , Vi, become
purely real after applying the control angles, o, and they can
be written as

K K

helf = nyijej/o‘f ~ i+ Zﬂ"te(’yij), Vie{l,...,K},
j=1 j=1
JF#i

(21

where ~ means approximately equal. Therefore, the CF of

hfff,W, can be given using (12) and (17) as
K
D oerr(2) =D, (2
ICELNON |

The final received signal at the BS can then be expressed as
K
_ eff...
y= Zi:l hi Ti+n,

where hff f , Vi are purely real RVs with zero phase rotations.
In the next subsection, we show how the proposed channel
alignment scheme facilitates the detection process and the
BER analysis.

(I)D‘{e('yij) (Z) (22)

(23)

IV. BER ANALYSIS OF THE TWO-USER UPLINK
RIS-NOMA SYSTEM

In this section, we provide a comprehensive BER analysis
for the two-user RIS-NOMA scenario, assuming 16-QAM and
QPSK modulation for U; and Us, respectively. Gray coding
is employed to map binary bits to modulation symbols for all
modulation orders.

The symbols, x; and x5, are jointly decoded from (23)
based on the construction of the received superimposed
NOMA symbol constellation at the BS. Given that the re-
ceiver noise, n, is circularly symmetric Gaussian, optimal
detection simplifies to a minimum distance decoder based
on the effective channel values, hff Y ,Vi. With zero phase
rotations of the effective channels, the decision regions for the
superimposed NOMA symbols are simple rectangular shapes,
akin to standard QAM detection. This QAM-like constellation
structure facilitates simple and tractable data decoding through
simple thresholds and decision regions. Therefore, the decision
thresholds can be calculated given h(ff 7 and h;f 7. as we show
below. It should be noted that constructing simple and tractable
decision regions facilitates the derivation of closed-form BER
analytical expressions, which will be used later in optimizing
the uplink PA to mitigate the ambiguity of the superimposed
constellation of uplink NOMA and its associated BER floors.

The constellation of the 16-4-QAM NOMA symbols of the
two-user system is shown in Fig. 2. The combined constel-
lation diagram of the NOMA symbol in this case has 64
constellation points containing an information amount of 6 bits
per symbol, that is, four bits for U; and two bits for Us. Figure
2(a) divides the constellation points into two sets according to
the value of by; equal to 1 or O, that is, the constellation
points that have b;; = 0 are red colored, while the remaining
points having b;; = 1 are in blue. Figure 2(b) divides
the constellation diagram in the same way as Fig. 2(a) but

according to byo. For bi3 and by4, the constellation points are
divided exactly in the same way as by; and bis, respectively,
but horizontally not vertically. On the other hand, Fig. 2(c)
shows the division of the constellation points according to the
value of by; being 1 or 0. For the second bit of Us, by, the
constellation diagram is divided in the same way as in Fig.
2(c) but horizontally not vertically.

Since Fig. 2 clearly divides the constellation into decision
regions according to each bit, we will use it to derive the
average BER expressions for both U; and Us using a set of
decision thresholds denoted by \; which can be given as

=0, \= %,W € {1,2,3}, (24)
where the values of the ’s are given as

5 = hc;ff _ h;ff7 5y = hiff + hgff’

b3 = 3nI T —netl 5 =30t T (25)

In the following BER calculations, we assume that §, > A3 >
d3 > Ao > 0o > A1 > 01 > 0. Although these values depend
on the values of the effective channels, h?f f , which are RVs
by nature, we derive all the BER expressions assuming this
desired order. The rationale of this choice is driven by the fact
that this order can be achieved with optimized uplink PA based
on minimizing the obtained BER expressions. This uplink PA
will ensure that the correct order is satisfied by reducing the
channel ambiguity among the users, as it heavily penalizes the
average BER cost function.

A. Analysis of Uy

To calculate the average BER of U7, we need to calculate
the average probability of detection error of its individual
bits, by;,Vi € {1,...,4}, and take the average over these
probabilities. Let us assume that the columns of the constel-
lation diagrams in Fig. 2 are numbered from left to right as
Ci,...,Cg. Starting with by1, a detection error can occur if
any of the blue constellation points in Fig. 2(a) moves to
the negative side of the real axis or if any of the red points
moves to the positive side. For example, assuming that the
true received constellation point belongs to the fifth column,
Cs, and given hff ! the conditional error probability of by
can be expressed as

Pb11\hfff,C5 =Pr (me(n) < _51) = Q (51/‘7") ) (26)

2 L [*e~v*/2qy. Similarly, the conditional

where Q(x) =

error probability of by, can be calculated, given that the re-
ceived constellation point belongs to any of the other columns,
Cp,Vm. Hence, the average bit error probability of b1y,

averaged over all C,,,Vme{1,...,8}, can be calculated as

1 4
Pbll ‘h’?ff - E Zm:l Q (57n/0") M

On the other hand, we can notice from Fig. 2(b) that a
detection error can occur in detecting the second bit of Uq,
b12, if any of the blue points exceeds the decision region
bounds, that is, from —\y to Ay on the real axis, or if any
of the red points enters that region. Hence, to calculate the

27)
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Figure 2: Combined uplink NOMA constellations for the two-user system employing 16-QAM for U; and 4-QAM for Us: (a) bi1, (b) b12,

(C) b21 .

detection error probability of b2, we calculate the conditional
error probability given that the received constellation point
belongs to each of the columns, and then we take the average
over all possible columns.

Given that the true received constellation point belongs to
C1, the conditional error probability of detecting b1, can be
calculated as

Pb12|h:;ff701 = Pr (—)\2 + 04 < fﬁe(n) <X+ 54)
—A2 +0 Ao+ 6
=< (24) -Q (204> L@

Un n
Similarly, if the received constellation point belongs to C,,,, the
conditional error probability of detecting b1, can be calculated
as

Pb12|h€ff Cm = Pr(fﬁe(n) > (_1) ’—%1 )‘2 + 65—m7
Re(n) ) E I, 465 )
m Q ( m-|+155 m)
%]
+Q< A2+55 ™), Vme{1,2,3,4}.
(29)

Due to symmetry in Fig. 2(b), it is clear that the cases of Cs,
Cg, C7 and Cy are similar to the cases of Cy, C3, C5 and C1,
respectively. Therefore, the average detection error probability
of b15 can be obtained by averaging over the first four columns
as

1 4
Pb12|h:ff = Z ZmZI Pb12|hfff,cm (30)
Finally, since by3 and by4 are similar to b;; and b;s, the con-
ditional avera e BER of U; given the values of the effective
channels, he , can be calculated by taking the average of the
error probabilltles of b1 and b5 as

PUl‘h:ff = 0.5(P, NI + P, W”) (1)

where Pb11|h§ff and Pb12|h:ff are given in (27) and (30),
respectively.

B. Analysis of Us

To calculate the average BER of U, we need to calculate
the probability of detection error of its two individual bits, by
and by, then taking the average of them. Figure 2(c) shows the
constellation mapping of b1, where the blue points represent
ba; = 1 while the red points represent having by; = 0. The
constellation mapping of bos is exactly the same as shown in
Fig. 2(c) but horizontally not vertically. Hence, b2 and boo
have similar detection error probabilities due to the symmetry
of their constellation mappings, which makes the average BER
of Us equal to the probability of detection error of bg;.

From Fig. 2(c), an error can occur when detecting bo; if any
of the blue constellation points moves to the decision regions
of the red points or vice versa. To calculate the total average
detection error probability of b1, we derive the conditional
error probability given that the received constellation point
belongs to C;, then we take the average over all the possible
8 columns. However, due to the symmetry between the red
columns and the blue columns in Fig. 2(c), we only calculate
the conditional error probability given C, Cs, Cs and C7, and
then we take the average over them.

Assuming that the true received constellation point belongs
to C1, and given hff ! the conditional error probability of by
can be expressed as

szl\h?ff,cl = Pr@%(") € {[-A3 + 04, — A2 + d4]U
[~ A1+ 04, 4] U [A1 + 84, Ao + 04) U [Ag + 04, oo]})
_Q< )\;+64) 0 (—)\;+64) i (—)\1—1—64)

On

_0 < > 40 <)\1+54) _0 (A2+54> +0 <)\3+54> .
On On On

(32)

If the received constellation point belongs to C'3, the condi-



tional error probability of detecting by can be expressed as
Py ners, oy = Pr(Re(n) € {[=As + 03, o + 8]V

[7A1 -+ 52,52] U [)\1 -+ 52,)\2 -+ 52] U [)\3 -+ 52,00]})
0 (—)\3+52) 0 (—)\2+52) O (—)\1+52)
on o on
0 (52> 40 ()\1+52) 0 <A2+52> +0 <)\3+52> '
On On On On
(33)

In the case of receiving a constellation point that belongs to
C5, the conditional error probability of detecting by can be
given as

Populnetf 05 = Pr(%e(”) €{[-A3 —d1, A2 — 01U

[—A1 =01, —01] U [A1 — 01, A0 — 8] U [A3 — 51,00]})

(255 022 o 22)
On On On

() o252 o 52) (52,

When the received constellation point belongs to C7, the
conditional error probability of detecting bs; can be calculated
as

szl‘hjf,f'7c7 e Pr(iﬁe(n) S {[—/\3 — 53, —Xg — 53]U

[—/\1 — 53, —(53} U [)\1 — 53,)\2 — (53} U [)\3 — (53,00]})

—Q <—A3—53) 0 (—AZ—‘%) e (M)
On On On

o[22) 0 (2) (2
On On Opn

Thus, the average BER of Uy given the effective channels,
h,ff . can be calculated as

(35)

Pynets = By ppers = Z b2t |heF Camyr? (36)
where P, o[RS Co for m =0,1,2, and 3 is given in (32),

(33), (34) and 35) +respect1vely

After deriving the conditional BERs given the instantaneous
effective channels of the users, the derivation of the average
unconditional BER expressions of U; and U is presented
in Sec. V-B. This is performed by averaging the expressions
obtained in (31) and (36), respectively, over the probability
den51ty functions (PDFs) of the effective channels, hef 7 and
he

V. DESIGN AND BER ANALYSIS OF THE GENERALIZED
K-USER M-QAM UPLINK RIS-NOMA SYSTEM

In this section, a framework is presented for deriving closed-
form BER expressions for the generalized uplink RIS-NOMA
system with an arbitrary number of users and arbitrary QAM
modulation orders. Specifically, we extend our BER analysis to

)+e(*5)

the generalized system by specifically providing an algorithm
that calculates the coefficients of the BER expressions for an
arbitrary number of users and QAM modulation orders. Then,
we provide a methodology to derive the unconditional average
BER expressions of the generalized system by averaging over
the CFs of the effective channels of the K users.

A. Generalization for arbitrary number of users and QAM
modulation orders

In this subsection, we generalize our analysis by devising
a methodology to obtain the BER expressions for a general
uplink RIS-NOMA system with arbitrary number of users and
arbitrary QAM modulation orders for the users. From Sec. IV,
we have found that the conditional BER expressions always
take the form of a weighted sum of @Q(-) functions having
different linear combinations of the effective channels, hff Y s
as arguments. Consequently, for a general K-user system,
the conditional BER expression of user k, given the effective
channel values, hff f , Vi, can be expressed as

N K eff
BERy, jyers_pess = 9 i@ (Zz—l c;:lqhz ) 6
where Ny, is the total number of Q(-) functions in the BER
expression of Uy, while the coefficients ¢, 4 and ay, ;, depend
on the number of users, /X, and the QAM modulation orders
used by these users. Therefore, by devising an algorithm that
can compute these coefficients for arbitrary number of users
and QAM modulation orders, we can calculate the conditional
BER expressions for a generalized uplink RIS-NOMA system.

Due to applying the proposed channel alignment scheme in
Sec. III-B, the received superimposed uplink NOMA constel-
lation at the BS is constructed as the constellation of downlink
NOMA systems. Therefore, utilizing the proposed channel
alignment scheme allows us to use the methodology provided
in Sec. III of [41] for deriving the generalized BER expressions
of downlink NOMA systems. Section III of [41] provides a
methodology to obtain the weights of the Q(-) functions, ¢ 4,
in (37), but does not calculate the coefficients, ay, ;4, which are
inside the () functions. The reason for this is that, unlike
uplink NOMA systems, the constellation of downlink NOMA
systems experiences only one fading channel before reception
at the user, where the signal received at the kth user can be

given as
K
Yk = (Zi—l \//72‘561') i + n,

where p; is the power allocated to user i, while hy and ny are
the fading channel and additive white Gaussian noise (AWGN)
of the kth user, respectively. However, the methodology in
[41] calculates the error distances of the downlink NOMA
constellation which can be written as

K
= E el Ak iqg\/ Pis

where ay, iq, Vi, g are the required coefficients for the kth user
in (37). Hence, setting p; to some known values, we can
compute the coefficients, ay, i4, of the kth user by knowing the

(38)

Ak g (39)



distances, Ay, 4, using Algorithm 1. The ith element of the in-
put vector, b, of Algorithm 1 is the number of bits per symbol
of the ith user, b;, representing its modulation order, while p
contains the power coefficients of the users, p;, Vi. The vector,
Ay, contains all the error distances of the kth user, Ay 4, Vg.
The output of Algorithm 1 are the matrices, A4,..., Ak,
which contain the required coefficients, ay ;4, V7, g, that is, the
element of the gth row and the ith column of Ay is ay 4.

Algorithm 1: Calculation of ay 4, VE, 1, q.

1 Inputs: b and p.

2 for k=1:K do

3 Calculate A,(vl) using the method in [41], with
inputs b and p.

4 fori=1:K do

5 Set ¢ to any small value, e.g., ¢ = 0.1;

6 Set p’ = p;

7 Set p/( (\/ )+ 5) ;

8 Calculate A,(f) using the method in [41], with

inputs b and p'.

9 for g = 1:length (A[") do
@AM

10 | Algi) = A0 @,

11 end

12 end

13 end

14 Return: A, Ao, ..., Ax.

The idea of Algorithm 1 is that the coefficient, a;,, in (39)
can be calculated using the partial differentiation of Ay, , with
respect to (w.r.t.) \/p;. Since Ay 4 is a linear function in /p;,
then the partial derivative of Ay, , w.r.t. \/p; can be calculated
as

2 1
OBy _ Bia =By q
a\/p»ﬁ 2) \/7 1) ) y 0y Y.
v (40)

The power coefficients, p;, are set in Algorithm 1 as p; =
K

22 i+1% Vi < K and px = 1, because this setting prevents

overlapping between the superimposed NOMA constellation

points.

=A (q’)

Ak iq

B. Averaging the BER expressions over the PDFs of the RIS
effective channels

In this subsection, we average the obtained conditional BER
expressions in (37) over the PDFs of hff s , Vi. The argument
inside the gth Q(-) function of the BER expression of the kth
user can always be expressed as

K ef f
Xeg=D . arighi’’. A1)

Therefore, the CF of X}, , can be given as
Dy, ( H | ®perr(akigz), (42)

where ®,.ss(2) is given in (22). Finally, Proposition 1 gives
the final unconditional BER of Uy.

Proposition 1. By averaging (37) over the statistical distri-
butions of hff ! , V4, the unconditional average BER of Uy, can

be given as

s Ck.q  Ck & j’e_Tz2 z
BERy, = =4 R ) — | | d=.
Proof. See Appendix A. |

VI. EXTENDING THE ANALYSIS TO THE IMPERFECT CSI
CASE

In practical systems, the cascaded RIS channel vector of
the ith user, r;; £ h;; © g;, where ® is the Hadamard
product, is estimated at the BS using the linear minimum mean
square error estimator (LMMSE) technique [42]. The channel
estimate at the BS can be expressed as

RNZero

T =Ty +T57°, (43)

where T;; = E(ry;) = \/K1K2/(K1+1)(K2+1)hfios ® giL"S is
the constant mean vector, while %" is the estimate of the
random zero mean part, r%"°; T 1s typically assumed to be
known previously at the BS as it changes at a much lower pace
than the random component r%°. The estimation error model
that is commonly used to model the impact of imperfect CSI
is given as [43], [44]

Zero Zero ZEero
r; =150 + A, (44)
where Ar#°cCLi*1 represents the estimation error vector

Arif°, is orthogonal to the lth ele-

whose [th element,

ment of %', i Arfﬁo and 777)° are mutually uncor-
related. The variance of the MMSE estimates is equal to
Var(7777°) = w?0?, while Var(Ar7°) = (1-w?)e?, where

11,1 11,1
w is the correlation coefficient between 7’“?0 and rlzﬂo and
)

0% = % is the variance of r77;°.
Thus, the optimized component of the effective channel of

user ¢ can be given as

Vi = uiBT(r” + rzcro) _ uiOT(r“ _i_/r\?lcro + Arzpro)

= ;0] Tyi + w0 Ari0 =5, +u;0] Ari0,  (45)
where w;=+/Pini/p; and 0;=[ed %1 ... ei'®ir]T is the re-

flection coefficients vector of the ith partition P; of the RIS.
Since 6; is adjusted to cancel the phase of the estimated
cascaded channel, T;;, then 7;;=u; ZlL:ilmi,l\, where 7;; is
the [th element of T;;.

Now, we derive the mean and variance of 7;;. The cascaded
channel estimate 7; ; is an affine function of the observation
rfbblb = 74, + w, in the case of LMMSE, where w is added
complex Gaussian noise. Since 7;;; is a product of two non-
central complex Gaussian RVs, we can employ the complex
normal distribution to approximate 7;;. Therefore, ||
follows the Ricean distribution having an amplitude of the
deterministic component of ﬁ“—\/ KlKZ/(K1+1)(K2+1) and a
total varlance of the random component, 777}, of 262 1» Where
8121 ,=w"¢"/2. Therefore, E(|r“ 1]) can be given as in (8) using
the formulas for 7, un and 7 ;, while the variance can be given

as Var(|ry1|)=v +2UHZ—E(|?M|) Thus, the mean and
variance of 7;; can be given as E(75;;)=+/Fimi/8; L;E(|7:;.1])




and Var(5;;)="Fini/s;L;Var(|r;;,1]), where we can substitute
these parameters in (11) and (12) to get the scale and shape
parameters of 7;; and hence the CF of the its Gamma fit,
®5,,(2).

Since «y;; is estimated with only one single pilot signal,
its estimation complexity (and error) are negligible compared
to 7;; as it does not scale with the size of the RIS. Hence,

we can relatively accurately assume perfect knowledge of

7vi;j- Therefore, the estimated effective channel of user 4 after
applying the channel alignment scheme in Sec. III-B can be
given as
neff o iy
RSN +ZJ e (). (46)

The received signal at the BS can then be written as

K ~
Y= ZiZI hzeffil'l + Z \/ Zm/BzQTAI‘ZMOILZ +n.

Data over estimated ch. Data over unknown ch.

47
In (47), the data symbols are received in two directions,
the estimated effective channel and the unknown channel.
The received data over the unknown channel is ambiguous
and cannot be detected successfully and therefore can be
treated as self-interference at the BS. Since the power of this
self-interference depends on the magnitude data symbols, z;,
which vary according to the transmitted data symbols from
the QAM constellation, the BER can be upper bounded by
substituting the highest magnitude data symbols in the inter-
ference power. Thus, the interference power can be given as
o2 =K Pini/s, L2 |2(1—w?)0? and it can be modeled
as Gaussian interference with zero mean according to CLT.
Finally, the BER of U; can be upper bounded using the
same expression as in Proposition 1 by replacing o, with

\% O—%nt+0727, and (I)’Yn(z) with ‘I’%(Z)

VII. EXTENDING THE UPLINK RIS-NOMA DESIGN TO
THE MULTI-ANTENNA BS CASE

When the BS have multiple antennas, optimized receive
combiners, wVk, for the users, shall be designed to further
utilize the receive diversity effect. The received signal vector
at the BS in an /N-antenna BS scenario can be given as

(48)
where G,€CLi*N ig the channel matrix between the ith
portion of the RIS, P;, and the BS, and follows the Ricean
fading model with parameter K». The vector v; is the direct
Rayleigh fading channel from U; to the BS, while n is the
AWGN noise vector at the BS. The received signal vector, y,
is multiplied at the BS by a receive combiner, weC~*!, to
project y on the direction that maximizes the desired signal
strength. However, w designed and optimized jointly with ©,
as we show below.

The receiving antennas at the BS are divided among the
users as in the case of the RIS, so that each antenna subgroup
is responsible for projecting the signal of U;. In this case,
w is subdivided into K sub-vectors as w=[w7 ..., wk]T
where w; is the receiving combiner of U;. The sub-vector,

>

10

w;, is jointly optimized with ®; to maximize the received
amplitude of U;’s signal as

max |w (GT® h;; + i)l (49a)
st. 0 S 91"[ S 27‘(, VL ||WZ|| = 1, Vi, (49b)

where G;; is the channel matrix between P; and the antenna
subgroup of U; at the BS, and v;; is the direct channel
vector from Uj; to its associated antenna subgroup. Although
being non-convex, (49) can be efficiently solved using block
coordinate descent (BCD) by alternatively fixing one of the op-
timization vectors and solving for the other until convergence
is reached. For a fixed w;, the subproblem in @, has a closed-
form optimal solution by exploiting the special structure of its
objective function in (49a), which is given as

0 = arg(wy vi;) — arg(hii) — arg(w7 i), (50)

where g;;; is the [th column of Gz; On the other hand,
for fixed ©;, the optimal w; that maximizes (49a) also has
a closed-form solutlon which is maximum ratio combining
(MRO), i.e., wi=GL&: “*“L)

LGT@ hi v |
timization approach is practically appealing since both the
receive combiner and phase shifts are obtained in closed-form
expressions, which is a significantly low-complexity solution.

The received signal vector, y, is then multiplied by the
receive combiner, w, thus the final superimposed NOMA

signal can be written as

K
y=2
i=1

. The above alternating op-

P, S

5o

ZG O h;; + vt | z; + 7,
(51)

where 77 = wln. Therefore, the effective channel component
of U; that is reflected by P; is given as

Yii = WfT(GZ;@fhii + Vi +Z wi (GO hy; + vir),

rand

opt
Yii

Yii k;ﬁv

(52)
where 77" is the optimized component since w* and @ are
optimized only for G;;, while 47%"? is a random residual
component. The random channel component of U, reflected
by P; can be expressed as

Z (Z GLoe; hu+vlk)

Thus, by applying the channel alignment scheme in Sec. I1I-B,
the final effective channel of U; can be given as

+ Z] 1.j#1
opt -

v;; 1s always a positive RV and therefore can be modeled as a
Gamma RV, while the other two terms in (54) can be modeled
as Gaussian RVs. However, obtaining mathematical formulas
for the means and variances of these RVs is not tractable due
to the iterative optimization process involved in (49). Thus,
the first and second moments of the Gamma and Gaussian
RVs shall be calculated empirically and used to calculate the
parameters of the corresponding CFs. Finally, the BER of U;

Yij = (53)

rand

Pt

Wt~

Re(vi). (54



can be given as the same expression as in Proposition 1, using
the new obtained CFs of the multi-antenna case.

VIII. AVERAGE BER MINIMIZATION-BASED POWER
ALLOCATION SCHEME

In this section, we introduce an optimized uplink PA scheme
for the RIS-NOMA system. The aim of this PA is to elimi-
nate the BER floors that occur in SIC-based uplink NOMA
systems. Specifically, the transmit powers of the users are
optimized to minimize the overall average BER performance
at the BS for all users while adhering to individual uplink
transmit power constraints. The optimization process is clearer
and more robust when conducted in the log-log domain, where
both the power values to be optimized, P, and the cost
function are expressed in dB. This transformation results in
smoother numerical optimization and faster convergence when
applying gradient descent-based optimization techniques to
solve our problem. Therefore, the uplink PA problem can be

formulated as
.,10'?5)) (552)

(55b)

.....

s.t. Pk < Pl vk,
where P> represents the maximum available uplink transmit
power in dBm, and BERy, in (55a) is the general BER
formula of Uy, given in Proposition 1.

We use a gradient-based method to solve (55) where the
cost function along with the constraints are all continuous and
have continuous first derivatives. To deal with the constraints,
we shall transform (55) into an unconstrained optimization

problem by constructing the Lagrangian that is given as

L(p7§17"'7§K +Z é-k Pk )

where £ is the Lagrange multlpher that corresponds to the
kth constraint, f is the cost function in (55), and p
[Pi,...,Pg]T. The Lagrangian in (56) is optimized using
Newton’s gradient-based method, utilizing the Hessian oper-
ator of the Lagrangian. Given that the constraints are linear
functions, the Hessian in this case only includes the Hessian
of the original objective function f, as it represents the second
derivative of L. Therefore, the Hessian of L can be given as

V2L = V?f(p), (57)

IIl ax

PiEm), (56)

where V? is the Laplacian operator or the second order
differential operator. Newton’s method is an iterative algorithm
that is applied using a starting point pg in an iterative manner
until convergence to the optimum point. The update rule in
each iteration can be given as

= Pn — [VQf(pn)] - vf(pn)

The Lagrange multipliers, £k, in (56) are hyperparameters
that are adjusted iteratively until convergence is reached. This
involves repeatedly optimizing the Lagrangian, starting with
initial values for &, which are updated in each iteration. Gen-
erally, we start with high values for £, and modify them based
on how much the constraints are satisfied in every iteration.
If (P, — PJ%X) < 0, the corresponding Lagrange multiplier,

Prt1 (58)
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&k, should be decreased. Conversely, if (P, — PjEx) > 0,
indicating a constraint violation, & should be increased.

It is important to highlight that while the optimization
process described above is iterative, it relies on the average
channel statistics of the users rather than their instantaneous
channel coefficients. This aspect simplifies the hardware im-
plementation of the PA algorithm. Specifically, the PA problem
outlined in (55) is defined solely by the users’ channel
variances, o7, and the average received noise power, o2, all of
which exhibit long coherence times. This method ensures that
the proposed PA strategy remains computationally efficient
while providing minimized average BER performance for all
NOMA users, making it suitable for real-world applications.

IX. SIMULATION RESULTS

In this section, we provide simulation results for the achiev-
able BER of the introduced system under different operating
conditions. We also validate our derived expressions using
Monte-Carlo simulations. The BER performance of the users
is plotted against the transmit power.

We adopt similar simulation parameters to those used in
[10] and [45], which can be summarized as follows. The path
loss exponent of the RIS channels is ¢ = 2.2, while the path
loss exponent of the direct links (users to BS) is 14" = 4.
The noise power in the real or imaginary dimensions, o2, is
set to be —90 dBm, and the Ricean factors in (2) and (3) are
set as K1 = Ko = 2.2.

Moreover, the achievable BER performance of the RIS-
NOMA system is compared to the RIS-OMA counterpart
that applies time division multiple access (TDMA). For fair
comparison, the time slot allocated to a certain user in RIS-
TDMA-OMA scenario, Toma, equals the time slot in RIS-
NOMA, Tnowma, divided by the total number of users, K,
i.e., Tnoma = KToma. In addition, we fix the achievable
data rate for all users by making the total number of bits
transmitted by each user during Toma equal to the total
number of bits transmitted by that user during Txoma . By way
of explanation, the modulation order for user k£ in RIS-TDMA-
OMA equals its modulation order in RIS-NOMA scenario
raised to power K, which guarantees that the total number
of transmitted bits in both systems is equal for the same
amount of consumed network resources. To achieve a fair
comparison, only one partition is assigned to a certain user
during its signaling time in the OMA benchmark, which is
similar to the assignment when NOMA signaling is applied.
This makes the OMA benchmark require the same number of
channel estimates and RIS phase compensations as the NOMA
scenario.

Figure 3 shows the BER performance of a two-user uplink
RIS-NOMA system model against the transmission power of
each user. The two users, U; and Us, employ QAM with orders
of 16 and 4 in NOMA signaling, while they use modulation
orders of 256 and 16, respectively, when TDMA-OMA is
applied. Moreover, the users’ distances to the RIS are 20 m
and 70 m, respectively, while the RIS-BS distance is 30 m.
The elevation angles, 2, of the users to the RIS are 140°
and 110°, while the azimuth angles, ¥, are 100° and 110°,
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Figure 3: BER performance comparison between a two-user RIS-
NOMA system and the RIS-OMA counterpart under different L
values and dUl,I = 20, dU27[ = 70, d[,B = 30: (a) U1 (16—QAM),
(b) Uz (4-QAM).

respectively. The figure also compares the RIS-NOMA with
RIS-TDMA-OMA under two values for the number of RIS
reflectors per user. In the first case, a number of L; = 75
reflectors is assigned to each user, while L; = 140 reflectors
are assigned to each user in the second case. As can be seen
in the figure, without optimization (w/o opt), the RIS-NOMA
system suffers from a significant error floor which increases as
L decreases. For example, the BER floor of the users is around
5 x 107® when L; = 70. This error floor is attributed to the
inter-user interference that dominates the AWGN at high SNR
values. This error floor decreases when the number of RIS
elements per user increases due to the signal-to-interference-
plus-noise-ratio (SINR) enhancement gained by increasing L;.
However, as can be observed from the figure, the proposed
PA algorithm in Sec. VIII has managed to eliminate the
error floor by controlling the transmit power of each user,
which in turn controls the amount of interference imposed by
each user on other users. It can also be observed in Fig. 3
that NOMA outperforms TDMA-OMA for the whole range
of SNR for the two users. Figure 3 also shows the severe
performance inferiority of the system without employing RIS
and relying only on direct links. There are two reasons for
this; the first reason is the high path loss of direct links due
to the harsh propagation environment, while the second is the
high error floors that are nature in SIC based uplink NOMA
systems. Finally, the figure shows a perfect match between
the simulation results and the derived closed-form expressions,
which confirms the accuracy of the analysis carried out in this
paper.

Figure 4 shows the achievable BER for the same simulation
parameters as Fig. 3, except for the modulation orders which
have been increased to 64 and 16 in the NOMA scenario,
and 2'2 and 2% in the TDMA-OMA scenario, for U; and Us,
respectively. The distance of Us to the RIS is also increased
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Figure 4: BER performance comparison between a two-user RIS-
NOMA system and the RIS-OMA counterpart under different L
values and dy,,r = 20, du,,r = 100: (a) U1 (64-QAM), (b) U-
(16-QAM).

to 100 m to provide a greater path loss difference between
the two users as the modulation orders increased. As can be
observed in Fig. 4, as the modulation orders increase, the BER
performance suffers from extremely high error floors, which
are around 10~!, without applying the proposed PA scheme
in Sec. VIII. On the other hand, the proposed PA scheme
manages to completely remove the BER floors. It can also
be clearly seen in Fig. 4 that optimized NOMA outperforms
the TDMA-OMA counterpart for both users and for the entire
range of SNR. Moreover, Fig. 4 shows the huge performance
gain of the RIS aided scenario over the system without using
RIS. Finally, the figure also confirms the analytical BER
expressions derived in this paper.

To verify the analysis of the generalized case with multiple
users, in Fig. 5, we present the achievable BER performance
of a three-user uplink RIS-NOMA scenario. The simulation
parameters for U; and Us remain the same as in Fig. 4, except
for the number of reflectors considered in the simulation setup
where L = {75,150, 225}. The newly added U3 employs 16-
QAM and is located at 500 m from the RIS location. As can
be observed from the figure, there is a perfect match between
theoretical results and simulation for the three-user scenario,
which confirms the derivations carried out in this paper. The
figure also shows that the system’s performance suffers from
extremely high error floors at the level 10~!, without applying
the proposed PA scheme, while the error floor can be mitigated
by using the proposed PA algorithm. This in turn gives clear
superiority to the optimized NOMA system over TDMA-OMA
for all users and for almost the entire operating SNR range.

Figure 6 examines three different optimization strategies
for the uplink RIS-NOMA system when L = 70. The first
strategy is the proposed PA scheme in Sec. VIII, while
the second one (Element split) is based on optimizing L,
and Lo = L — L; by minimizing the average BER using
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Figure 5: BER performance comparison between a three-user RIS-NOMA system and the RIS-OMA counterpart under different L values
and dy,,1 = 20, dy,,r = 100, dy,,r = 500: (a) U1 (64-QAM), (b) Uz (16-QAM), (c) Us (16-QAM).
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Figure 6: Comparison between different optimization strategies of a
4-QAM two-user uplink RIS-NOMA system (L = 70, dy,,1 = 20,
dU2,[ =40 m): (a) Ul, (b) Uz.

exhaustive search over a single discrete variable L;. The
third strategy (Joint opt.) is the joint optimization of both
the transmit powers and L; using exhaustive search over
L, and the PA scheme in Sec. VIII given each value of
L;. The figure shows that the second strategy, which only
relies on optimizing L, leads to BER floors for both U
and Us. The reason behind this is that increasing L at the
expense of Ly to reduce the interference of Us on U; would
harm the BER performance of U, and hence the average
BER of the system. Figure 6(a) also shows that the third
strategy offers a very slight performance gain for U; over
the PA strategy with fixing L; = Lo = 35. However, Fig.
6(b) shows that, for Us,, the situation is reversed and the
PA strategy offers a slight performance gain over the joint
optimization strategy. Therefore, we can conclude that the PA
strategy is sufficient to optimize the system without further
need to optimize the elements’ allocation among the two users.

13

w=0.999 Sim
w=0.997 Sim
w=0.995 Sim
w=0.993 Sim
w=0.99 Sim
Anal. approx
40 20
(a)
P, (dBm)

+ o0+ 0

B 30 2
(b)
P, (dBm)

-50 -10

Figure 7: BER performance of a two-user RIS-NOMA system with
imperfect CSI under different w values and L = 75, dy,,1 = 20,
du,,1 = 70: (a) U1 (64-QAM), (b) Uz (16-QAM).

Figure 7 shows the BER performance of a two-user RIS-
NOMA system under imperfect CSI knowledge at the BS.
The figure clearly shows the impact of the quality of the
estimated CSI, represented in w, on the BER performance of
the system. We can notice in Fig. 7 that BER floors exist
due to the imperfect CSI which creates an irreducible noise,
due to estimation error, whose power increases as the transmit
powers increase, as shown in (47). As w increases, the BER
floor decreases to lower values, resulting in better performance
for the system. We note that the source of the error floors
in Fig. 7 is the channel estimation error, not the nature of
uplink NOMA systems. However, even under imperfect CSI,
the system can provide good performance with low BER levels
due to applying the proposed PA scheme in Sec. VIIIL.

Figure 8 illustrates the impact of the number of BS antennas
N on the BER performance of uplink NOMA transmission
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Figure 8: BER performance of a multi-antenna RIS-NOMA system
with different numbers of BS antennas and dy,,; = 20, du,,r = 100:
(a) U1 (64-QAM), (b) U2 (16-QAM).

with and without the assistance of an RIS. It is observed that
employing an RIS yields a remarkable performance enhance-
ment compared to the case without RIS, where severe BER
floors appear even at high SNR levels. In particular, without
RIS, the BER floor decreases with increasing NV, highlighting
the role of spatial diversity in partially mitigating multi-user
interference, yet the system still suffers from substantial error
rates. In contrast, the RIS-assisted configuration consistently
outperforms the baseline, achieving orders-of-magnitude lower
BER and exhibiting steep performance gains as N increases.
This confirms that integrating RIS not only suppresses the
error floor but also leverages the array gain more effectively,
thereby enabling reliable communication in uplink NOMA
scenarios.

X. CONCLUSIONS

This paper investigated the achievable performance of up-
link RIS-NOMA system, where users transmit their data to the
BS using the same resource block and the BS employs SIC to
detect the data symbols of each user. Closed-form expressions
for the achievable BER were derived to provide useful insights
about the performance limits of RIS-NOMA. The BER was
compared to two TDMA-OMA counterparts to provide a
comprehensive and fair comparison, where the first utilizes
all partitions for each user at the expense of extra complexity,
whereas the other assigns a partition to each user. Furthermore,
a PA algorithm was introduced to mitigate the error floor
imposed by the inter-user interference of uplink NOMA.
Theoretical results corroborated by simulations revealed that
RIS-NOMA is preferred over TDMA-OMA for almost all
the considered SNR regimes. Furthermore, it was shown that
by increasing the number of reflectors and/or increasing the
modulation order, NOMA can have superior performance
compared to both TDMA-OMA scenarios for a wide range,
and in some cases the whole range, of the transmit power. The
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analysis and results also showed that imperfect CSI can cause
error floors to the system performance; however, the level
of these error floors decreases as the quality of the channel
estimation increases. Finally, we showed through analysis and
simulations how the BER performance can improve as the
number of BS antennas increases.

APPENDIX A
PROOF OF PROPOSITION 1

Let X be a RV and g(x) be a real one-dimensional function.
Then, the expected value, E[g(X )], can be calculated using the
formula [46]

Blo(o)] =~ [ e (G)0x ()},

where G(z) is the Fourier transform (FT) of the function g(z)
and @ x(z) is the CF of the RV, X. Therefore, applying the
above rule to average the conditional BER in (37), the average
unconditional BER of U} can be calculated as

N o
BERy, = ‘%7’1/ Re (D(z)‘bxk,q (
q=1 0

where Q(z) is the FT of the Q-function, which can be written

as -
}"(/t 6792/2dy),

where F(-) is the FT operator. Using the integral property of
2

the FT in [47] and getting F(e~* /2) from the FT table, Q(2)

can be given as

(59)

z

)) dz, (60)
g

n

(61)

2
e /2

./
m0(2) + j —

Q(z) (62)

where §(-) is the Dirac delta function. Substituting Q(z) into
(60), we can obtain the result of Proposition 1.
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